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Abstract 



Let M be a smooth closed manifold and T*M its cotangent bundle endowed with the 
usual symplectic structure oo — dX, where A is the Liouville form. A hypersurface 
X C T*M is said to be fiberwise starshaped if for each point q G M the intersection 
Eg := EnT*M of £ with the fiber at q is starshaped with respect to the origin q G T*M. 

In this thesis we give lower bounds of the growth rate of the number of closed Reeb 
orbits on a fiberwise starshaped hypersurface in terms of the topology of the free loop 
space of M. We distinguish the two cases that the fundamental group of the base space 
M has an exponential growth of conjugacy classes or not. If the base space M is simply 
connected we generalize the theorem of Ballmann and Ziller on the growth of closed 
geodesies to Reeb flows. 



Acknowlegments 



I would like to thank my advisor Felix Schlenk for his support troughout this work 
and the opportunity to complete this project. Furthermore I thank Frederic Bourgeois, 
Urs Frauenfelder, Agnes Gadbled and Alexandru Oancea for valuable discussions. I 
also thank Will Merry and Gabriel Paternain for having pointed out to me that the 
methods used in the proof of Theorems A and B can also be used to prove Theorem C. 



Introduction 



Let M be a smooth closed manifold and denote by T*M the cotangent bundle over M 
endowed with its usual symplectic structure u = dX where A = pdq = YlT=i Pi ^Qi is the 
Liouville form. A hypersurface E C T*M is said to be fiberwise starshaped if for each 
point q G M the intersection Eg := E flT*M of E with the fiber at q is starshaped with 
respect to the origin q G T*M. There is a flow naturally associated to E, generated 
by the unique vector field R along E defined by 

d\(R,-)=0, X(R) = 1. 

The vector field R is called the Reeb vector field on E and its flow is called the Reeb 
flow. The main result of this thesis is to prove that the topological structure of M 
forces, for all fiberwise starshaped hypersurfaces E, the existence of many closed orbits 
of the Reeb flow on E. More precisely, we shall give a lower bound of the growth rate 
of the number of closed Reeb-orbits in terms of their periods. 



The existence of one closed orbit was conjectured by Weinstein in 1978 in a more general 
setting. 

Weinstein conjecture. A hypersurface E of contact type and satisfying i? 1 (S) = 
carries a closed characteristic. 

Independently, Weinstein P7) and Rabinowitz |36| established the existence of a closed 
orbit on star-like hypersurfaces in H 2n . In our setting the Weinstein conjecture with- 
out the assumption H 1 ^) = was proved in 1988 by Hofer and Viterbo, P5 |. The 



existence of many closed orbits has already been well studied in the special case of the 
geodesic flow, for example by Gromov p4|, Paternain p3| , [34| and Paternain-Petean 



35 . In this thesis we will generalize their results. 



The problem at hand can be considered in two equivalent ways. First, let H : T*M — > 1R 
be a smooth Hamiltonian function such that E is a regular level of H . Then the 
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Hamiltonian flow ipn of H is orbit-equivalent to the Reeb flow. Therefore, the growth 
of closed orbits of equals the growth of closed orbits of the Reeb flow. Secondly, 
let SM be the cosphere bundle over M endowed with its canonical contact structure 
£ = ker A. The contact manifold (SM, £) is called the spherization of M. Our main 
results are equivalent to saying that for any contact form a for £, i.e. £ = ker a, the 
growth rate of the number of closed orbits of the Reeb flow of a in terms of their period 
depends only on M and is bounded from below by homological data of M. 



The free loop space 

The complexity of the Reeb flow on £ C T*M comes from the complexity of the free 
loop space of the base manifold M. Let (M, g) be a C^-smooth, closed, connected 
Riemannian manifold. Let AM be the free loop space of M, i.e. the set of loops 
q : S 1 — > M of Sobolev class W 1 ' 2 . This space has a canonical Hilbert manifold 
structure, see [^8|]. The energy functional £ = £ g : AM — > 1R is defined by 



S(q) := 1 -J\q{t)\ 2 dt 

where |g(t)| 2 = g q {t){q{t),q(t)). For a > we consider the sublevel sets 

A a := {q G AM | £{q) < a}. 

Now let P be the set of prime numbers and write Po := PU {0}. For each prime number 
p denote by ¥ p the field Z/pZ, and write F :=(Q. Throughout, will denote singular 
homology and 

L k : H k (A a ;¥ p ) ^ H k (AM;¥ p ) 
the homomorphism induced by the inclusion A a M AM. Following J20| we make the 
Definition. The Riemannian manifold (M, g) is energy hyperbolic if 

C{M,g) := supliminf-log Vdimi fc i/ fc (A5 n2 ;Fp) > 0. 

Pt fc>0 

Since M is closed, the property energy hyperbolic does not depend on g while, of course, 
C(M,g) does depend on g. We say that the closed manifold M is energy hyperbolic if 
(M, g) is energy hyperbolic for some and hence for any Riemannian metric g on M. 

We also consider the slow growth of the homology given by 

c(M, g) := sup lim inf — — log dim t k H k (A^ n2 ; F„) . 

GV n^oo log 72 Z — ' 
Pfc/ to fc>0 
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Denote by A a M the component of a loop a in AM and by AqM the component of 
contractible loops. The components of the loop space AM are in bijection with the set 
C(M) of conjugacy classes in the fundamental group 7Ti(M), i.e. 

AM = ]J A c M - 

ceC(Af) 

For each element c G C(M) denote by e(c) the infimum of the energy of a closed curve 
representing c. Let C a (M) := {c G C(M) | e(c) < a}, and define 

E(M) := liminf-log#C a (M), 

a— >oo (3 

e(M) := liminf-^log#C a (M). 

a->oo log a 

Note that £(M) and e(M) do not depend on the metric 5- and that C(M,g) > E(M). 
Fiberwise starshaped hypersurfaces in T*M 

Let E be a smooth connected hypersurface in T*M. We say that E is fiberwise star- 
shaped if for each point g G M the set E g := E D T*M is the smooth boundary of 
a domain in T*M which is strictly starshaped with respect to the origin q G T*M. 
This means that the radial vector field X^P* ®Pi ^ s transverse to each E g . We as- 
sume throughout that dimM > 2. Then T*M \ E has two components, the bounded 

o 

inner part -D(S) containing the zero section and the unbounded outer part D C (T,) = 
T*M \D(E), where D(E) denotes the closure of D(E). 

Formultation of the results 

Let E C T*M be as above and denote by (p^ the Reeb flow on E. For r > let Or(t) 
be the set of closed orbits of (fin with period < r. We measure the growth of the number 
of elements in Or(t) by 

N R := liminf-log(#(^,(T)), 

t— >oo 7" 

ritf := liminf log (#O r (t)) . 
t->co log r 

The number A r ^ is the exponential growth rate of closed orbits, while ur is the polynomial 
growth rate. The following three theorems are the main result of this thesis. 
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Theorem A. Let M be a closed, connected, orientable, smooth manifold and let E C 
T*M be a fiberwise starshaped hypersurface. Let ipR be the Reeb flow on E ; and let Nr, 
ur, E(M) and e(M) be defined as above. Then 

(i) N R > E{M); 

(ii) n R > e(M) - 1. 

We will say that E is generic if each closed Reeb orbit is transversally nondegenerate, 
i.e. 

det(l-d^( 7 (0))|e)^0. 

Theorem B. Let M be a closed, connected, orientable smooth manifold and let E C 
T*M be a generic fiberwise starshaped hypersurface. Let ifR be the Reeb flow on E ; and 
let Nr, ur, C(M,g) and c(M,g) be defined as in section [7T1| . Then 

(i) N R >C(M,g). 

(ii) n R >c(M,g)-l. 

The hypothesis of genericity of E will be used to achieve a Morse-Bott situation for the 
action functional that we will introduce. 

The idea of the proofs is as follows. Let E C T*M be a fiberwise starshaped hypersur- 
face. If E is the level set of a Hamiltonian function F : T*M — > H, then the Reeb flow 
of A is a reparametrization of the Hamiltonian flow. We can define such a Hamiltonian 
by the two conditions 

F| s = 1, F(q, sp) = s 2 F(q,p), s > and (q,p) G T*M. (1) 

This Hamiltonian is not smooth near the zero section, we thus define a cut-off function 
/ to obtain a smooth function / o F. We then use the idea of sandwiching develloped 
in Frauenfelder-Schlenk [19|] and Macarini-Schlenk [|29]]. By sandwiching the set E 
between the level sets of a geodesic Hamiltonian, and by using the Hamiltonian Floer 
homology and its isomorphism to the homology of the free loop space of M, we shall 
show that the number of 1-periodic orbits of F of action < a is bounded below by the 
rank of the homomorphism 

^:# fc (A a2 ;F p )^# fe (AM;F p ) 

2 

induced by the inclusion A a M AM. 
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The Hamiltonian Floer homology for F is not defined, since all the periodic orbits are de- 
generate. We thus need to consider small pertubations of F. In the proof of Theorem A, 
we will add to F small potentials of the form Vi(t,q). Assuming || Vi(t, q)\\c°° — ► for 
I — > oo, we will show the existence of a periodic orbit of F in every non-trivial conju- 
gacy class as the limit of periodic orbits of F + V\. This strategy cannot be applied 
for Theorem B. We thus use the assumption of genericity to achieve a Morse-Bott 
situation following Frauenfelder [[TJ| Appendix A] and Bourgeois-Oancea |7| and use 
the Correspondence Theorem between Morse homology and Floer homology due to 
Bourgeois-Oancea, 0, to obtain our result. 

Remark. A proof of rough versions of Theorems A and B is outlined in Section 4a of 
Seidel's survey ||42|| . Meanwhile, a different (and difficult) proof of these theorems, with 
coefficients in Z 2 only, was given by Macarini-Merry-Paternain in [|3(|, where a version 
of Rabinowitz-Floer homology is contructed to give lower bounds for the growth rate 
of leaf-wise intersections. 



Spherization of a cotangent bundle 

The hyperplane field £|s = ker A|s C TE is a contact structure on E. If E' is another 
fiberwise starshaped hypersurface, then (E,£s) and (E', £jy) are contactomorphic. In 
fact the differential of the diffeomorphism obtained by the radial projection maps £^ to 
£jy. The identification of these contact manifolds is called the spherization (SM,£) of 
the cotangent bundle (T*M, u). Theorem A and Theorem B gives lower bounds of the 
growth rate of closed orbits for any Reeb flow on the spherization SM of T*M. 



Special examples of fiberwise starshaped hypersurfaces are unit cosphere bundles S\M(g) 
associated to a Riemmanian metric g, 



S x M{g) :={(q,p)eT*M\ \p\ = 1}. 



The Reeb flow is then the geodesic flow. In this case, Theorem A is a direct con- 
sequence of the existence of one closed geodesic in every conjugacy classes. If M is 
simply connected, Theorem B for geodesic flows follows from the following result by 



Gromov 24 



Theorem (Gromov). Let M be a compact and simply connected manifold. Let g be 
a bumpy Riemannian metric on M. Then there exist constants a = a(g) > and 



X 



Introduction 



/3 = (3(g) > such that there are at least 

i=l 



t 

periodic geodesies of length less than t, for all t sufficiently large. 

The assumption on the Riemannian metric to be bumpy corresponds to our genericity 
assumption. Generalizations to geodesic flows of larger classes of Riemannian manifolds 
were proved in Paternain p3l B4j and Paternain-Petean ||35|| . 



The exponential growth of the number of Reeb chords in spherizations is studied in 
2"9"| . Results on exponential growth rate of the number of closed orbits for certain Reeb 



flows on a large class of closed contact 3-manifolds are proved in 



The simply connected case 

In || Ballman and Ziller improved Gromov's theorem in the case of simply connected 
Riemannian manifolds with bumpy metrics. They showed that the number N g (T) of 
closed geodesies of length less than or equal to T is bounded below by the maximum 
of the kth betti number of the free loop space k < T, up to some constant depending 
only on the metric. Following their idea we shall prove the following 

Theorem C. Suppose that M is a compact and simply connected m- dimensional man- 
ifold. Let E be a generic fiberwise starshaped hypersurface ofT*M and R its associated 
Reeb vector field. Then there exist constants a = a(R) > and (3 = /3(R) > such 
that 

#O r (t) > a max 6* (AM) 

l<i</3r 

for all r sufficiently large. 



Two questions 

I. We assume the hypersurface E to be fiberwise starshaped with respect to the 
origin. Could this assumption be omitted? In the case of Reeb chords it cannot, 
see 



29 



II. The assumption on E to be fiberwise starshaped is equivalent to the assumption 
that E is of restricted contact type with respect to the Liouville vector field 
Y = pdp. Are Theorem A and Theorem B true for any hypersurface E C T*M 
of restricted contact type? 
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The thesis is organized as follows: In Chapter 1 we introduce the definitions and tools 
that we will use throughout this work. Chapter 2 provides the tool of sandwiching used 
here to compare the growth of closed Reeb orbits with the growth of closed geodesies. 
In Chapter 3 we recall the definition of Morse-Bott homology which is used in the 
proof of Theorem B. In Chapter 4 we prove Theorem A, Theorem B and Theorem C. 
In Chapter 5 we shall evaluate our results on several examples introduced in Chapter 1. 

In Appendix A we review some tools to prove the compactness of moduli spaces 
introduced in section |2.3.1 . In Appendix B we recall the definition of the Legendre 
transform. In Appendix C we give a proof of the existence of Gromov's constant, see 
Theorem [5|. 



Chapter 1 



Definitions and Tools 



In this chapter we introduce the definitions and tools that we will use throughout 
this work. In section LI we describe the free loop space AM of a manifold M and 
introduce topological invariant measuring the topological complexity of the free loop 
space. Section [L2] gives an overview of Hamiltonian dynamic on cotangent bundles 
and fiberwise starshaped hypersurfaces. We discuss the relation between Reeb orbits 
on a fiberwise starshaped hypersurface and the 1-periodic orbits of a Hamiltonian flow 
for which the hypersurface is an energy level. In section |1.3| we recall the definitions 
and properties of Maslov type indexes introduced by Conley and Zehnder in [ll] and 
Robbin and Salamon in 



1.1 The free loop space 

Let (M, g) be a connected, C°°-smooth Riemannian manifold. Let AM be the set of 
loops q : S 1 — > M of Sobolev class W 1 ' 2 . AM is called the free loop space of M. This 
space carries a canonical structure of Hilbert manifold, see J28| . 

The energy functional S = S g : AM — > 1R is defined as 

S{q):= l -j\q{t)\ 2 dt 

where |<?(t)| 2 = g q (t){q{t),q{t)). It induces a filtration on AM. For a > 0, consider the 
sublevel sets A a C AM of loops whose energy is less or equal to a, 



A a := {q G AM | S(q) < a}. 
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1.1 The free loop space 



The length functional C := C g : AM — > 1R is defined by 

C(q)= [ \q(t)\dt. 
Jo 

Similarly, for a > we can consider the sublevel sets 

C a := {q G AM | £(g) < a}. 
Applying Schwarz's inequality 

(i'H^CM (I! g2dt ) 

with f{t) = 1 and = \q(t)\ we see that 

where equality holds of an only if q is parametrized by arc-length. 

Denote by A Q M the connected component of a loop a in AM. The components of 
the loop space AM are in bijection with the set C(M) of conjugacy classes of the 
fundamental group 7Ti(M), 

AM = ]J A c M - 

ceC(M) 

Counting by counting conjugacy classes in 7Ti 

Let X be a path-connected topological space. Denote by C(X) the set of conjugacy 
classes in 7Ti(X) and by F(X) the set of free homotopy classes in AX. Given a loop 
a : (S^O) — > (X,xq) we will denote its based homotopy class in tti(X) by [a] and its 
free homotopy class in jF{X) by [a]. 

Proposition 1.1.1. Let X be a path- connected topological space and xq a base point. 
Then 

$ : C(X) -> F(X) : [a] i-> [a] 

is a bijection between the set of conjugacy classes in 7Ti(X) and the set of free homotopy 
classes in AX . 

Furthermore, if f : (X, Xq) — > (Y, y ) is a continuous map between based topological 
spaces, we have 

$ o /„ = /„ o 
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Proof. Let /, g : (S 1 , 0) — > (X, xq) be two continuous maps. If / is nomotopic to g then 
/ is also freely nomotopic to g. Thus we get a well defined map 

$ : ttx(X) JF{X) 

sending a based homotopy class [7] to its free homotopy class [7]. Let 70, 71, a : 
(S\0) ->■ (X,x ) such that 

NWH" 1 = [71] 

which is equivalent to 

[a ■ 70 • a" 1 ] = [71]. 

Consider the homotopy F : [0, 1] x [0, 1] -»• X defined by F(s,t) = a(l - (l-s)(l-t)). 
Then F(0,t) = a(t) and = x > meaning that F is a free homotopy of curves 

from a to xq. Using F, one can construct a free homotopy of loops between a ■ 70 • a^ 1 
and 7o. As a ■ 70 ■ a" 1 is based homotopic to 71 it follows that 70 is free homotopic to 
7! and thus $([70]) = $([71]) • Thus $ descends to a map 

$ : C(X) ->■ Jpf). 



Now consider a loop 7 : 5 1 4 I and take a continuous path a : [0, 1] — >■ X with 
a(0) = 7(0) and a(l) = xq. Then a ■ 7 • a -1 is a continuous loop with base point xq 
which is freely homotopic to 7. This implies that $([a • 7 • a -1 ]) = [7] which yields the 
surjectivity of $. 

Let [/o] and [ft] be two elements of tti(X, z ) with$([/ ]) = $([/i]) and H : [0, l]xS ! ^ 
X a free homotopy from /o to /1. Define (7 : S 1 — > X by g(s) := if (s, 0). Then g-fo- g~ x 
is homotopic to f\ and thus [/ ] and [fi] are conjugate. This proves the injectivity of 
$. 

The naturality follows from the definition of $ as 

(M) = $([/« 7]) 
= [/°7] 
= /* [7] 
= /*S([ 7 ]). 



□ 
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1.1 The free loop space 



1.1.1 Growth coming from C(M) 

Consider the set C(M) of conjugacy classes of the fundamental group iTi(M). For 
each element c G C(M) denote by e(c) the infimum of the energy of a closed curve 
representing c. We denote by C a (M) the set of conjugacy classes whose elements can 
be represented by a loop of energy at most a, 

C a {M) :={cGC(M) \e(c) < a} . 

The exponential and polynomial growth of the number of conjugacy classes as a function 
of the energy are measured by 

E(M) : = liminf- log #C a (M), and 
e(M) := liminf—— log #C a (M). 

a->oo log a 

1.1.2 Energy hyperbolic manifolds 

Recall that for a > 0, A a denotes the subset of loops whose energy is less or equal to a, 

A a ■= [ q g AM | 8{q) < a}. 

Let P be the set of prime numbers, and write P := P U {0}. For each prime number p 
denote by ¥ p the field Z/pZ, and abbreviate Fo :=Q. Throughout, denotes singular 
homology. Let 

i k :H k (A a ;¥ p )^H k (AM;¥ p ) 

be the homomorphism induced by the inclusion A a M AM. It is well-known that 
for each a the homology groups H k (A a M;¥ p ) vanish for all large enough k, see [|]]. 
Therefore, the sums in the following definition are finite. Following we make the 

Definition 1.1.1. The Riemannian manifold (M,g) is energy hyperbolic if 




Since M is closed, the property energy hyperbolic does not depend on g while, of course, 
C(M,g) does depend on g. We say that the closed manifold M is energy hyperbolic if 
(M, g) is energy hyperbolic for some and hence for any Riemannian metric g on M. 
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We will also consider the rational growth of the homology given by 

c(M, g) := sup lim inf — — log dim L k H k (A^" 2 ; F„) . 

GV n->oo logn ^— ' V ' 

pfc/ to fc>0 

Fix a Riemannian metric g and pGP. It holds that 

dim io #o(A^;F p ) = #C a (M). 
Thus E(M), respectively e(M), is a lower bound for C(M,g), respectively c(M,g). 

1.1.3 Examples 

Negative curvature manifolds 

Suppose our manifold M carries a Riemannian metric of negative curvature. 

Proposition 1.1.2. If M posses a Riemannian metric g of negative curvature, then 
the component of contractible loops AqM is homotopy equivalent to M, and all other 
components are homotopy equivalent to S 1 . 

Using the result of the previous section, this yields 

Corollary 1. AM ~ MTT [Q]eC(M) & 

Proof. Consider the energy functional S := S g : AM — > 1R with respect to the metric 
g. It's a Morse-Bott, i.e. 

crit(£) := {q E AM | d£(q) = 0} 
is a submanifold of AM and 

T 9 crit(£) = ker(Hess (£)(?))• 

Moreover its critical points are closed geodesies. Let c be a closed geodesic on M. Then 
c gives rise to a whole circle of geodesies whose parametrization differ by a shift t G S 1 . 



We denote by S c the set of such geodesies. Consider the following result of Cartan p8 
Section 3.8]. 

Theorem 1. (Cartan) Let M be a compact manifold with strictly negative curvature. 
Then there exists, up to parametrization, exactly one closed geodesic c in every free 
homotopy class which is not the class of the constant loop, c is the element of minimal 
length in its free homotopy clas. All closed geodesies on M are of this type. 
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Thus £ has a unique critical manifold S c in every component which is not the compo- 
nent of the constant loops. While the component of the constant loop has as critical 
manifold So the subspace of constant loops. Moreover all the Morse indices are equal 
to zero. Following |[23| , one can resolve every critical submanifolds S c into finitely many 
non-degenerate critical points C\, . . . , c\ corresponding to critical points of a Morse func- 
tion h : S c — > 1R. The index of a non-degenerate critical point Cj is then given by the 
sum A + Aj where A is the Morse index of c with respect to £ and Aj the Morse index 
of Cj with respect to the Morse function h. 

Let a < b be regular values of £ and c±, C& of £ in £ — l[a, b\. Let Qi, • • • cu t be the 
corresponding non-degenerate critical points of indices Aji, . . . , A^. Then Lemma 2 of 
|23| tells us that A a is diffeomorphic to A b with a handle of index A^- attached for each 
non-degenerate critical point Cij, 1 < i ; < k, 1 < j < k^. The diffeomorphism can be 
chosen to keep A a fixed. Using the methods of Milnor in Section 3], we obtain that 
the component of the contractible loop has the homotopy type of the space of constant 
loops while every other component has the homotopy type of S 1 . □ 

Consider the counting function CF(L) for periodic geodesies, where 

CF(L) = ^{periodic geodesies of length smaller than or equal to L}. 

Proposition |1.1.2| tells us that in the negative curvature case, every periodic geodesic 
correspond to an element of C(M). Setting a = \L 2 , we have the following equality 

#C a (M) = CF{L). 

A lower bound for E(M) can be deduced from a result of Margulis. 

Theorem 2. (Margulis 1969 [|31|| ) On a compact Riemannian manifold of negative 
curvature it holds that 

log CF(L) 
htop{g> = lim , 

where h top (g) is the topological entropy of the geodesic flow. 

For a definition see p5[ ^J. Theorem implies that for L large enough, 

phtop (g)L 

#C a (M) = CF(L) > 



2L 

For example if M = S 7 is an orientable surface of genus 7 and constant curvature — 1, 
then htop(g) = 1, see || Section 10.2.4.1], and thus 

-X 



lr2 / „ , e 

2L' 
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Products 

Lemma 1.1.1. Let M,N be two manifolds. Then 

A(M x N) = AM x AN. 

Proof. Consider the map : A(M x N) — > AM x AN, sending the loop a : S 1 — > 
M x N : t (ati(t), a 2 (t)) onto (ai(t), a 2 (t)). □ 

We will show in section |0] that the product of two spheres S l x S n has c(M, g) > 0. 
Lie groups 

Let G be a compact connected Lie group, i.e. a compact, connected smooth manifold 
with a group structure in which the multiplication and inversion maps G x G — >■ G and 
G — ?• G are smooth. 

The fundamental group H\{G) of a connected Lie group G is abelian. In fact, considering 
the universal cover G, the kernel of the projection p : G — > G is then isomorphic to 
%i(G). This is a discrete normal subgroup of G. Let 7 £ 7Ti(G). Then g — > g^g" 1 is a 
continuous map G — > 7Ti(G). Since G is connected and ^(G) discrete, it is constant, so 
919 1 = 7 f° r an Hence 7Ti(G) is central in G and in particular, it is abelian. This 
yields 

AG = \\ A a G. 

Denote by Ai the component of the constant loop. For a > we consider the sublevel 

sets 

A" := {q £ Ax I £{q) < a}. 

Choose a constant loop 71 representing Ai and consider another component A.; of AG 
represented by a loop 7$. Fix e £ (0, 1). For 7, 7' £ AG we define 



(7 *e I'M 



where ft, £ G is such that /17(C)) = V(0). Notice that j(t) := h^{t) is homotopic to 7. 
Then the map r, : Ai — > Aj : 7 1— )■ 7$ * £ 7, is a homotopy equivalence with homotopy 
inverse Aj — > A\ : 7 1— > 7 i ~ 1 * E 7. We have 

£(7 * e 7') = Jf(M + 737^(7), ^ all 7, 7' £ AG. 
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1.1 The free loop space 



Abbreviating Af = A, D A a and E{ = max{S(h , y) \ h G G}, we therefore have 

r<(A?) c Af 



El 

-e ■ a 



For c G 7Ti((j), recall that e(c) denotes the infimum of the energy of a closed curve 
representing c and C a {G) := {c G 7Ti((j) | e(c) < a}. Set e = \. Since r c : Ai — > A c is a 
homotopy equivalence, it follows that 

dim ifc # fc (A?;F p ) < dim L k H k (A 2 c a +2e(c) ; F p ) 

for all a > 0. We can estimate 

dim^# fc (A 4a ;F p ) = £ dim ifc # fe (Af ;F p ) 

c6tti(G) 

> Yl dimi k H k (A 2 r e{c) ;¥ p ) 

ceTTl(G) 

> dimi fc # fc (A?;F p ). 

cec a (G) 

We conclude that 

]Tdim^ fc (A 2 " 2 ;F p ) > #d" 2 (G) • ^dim^A^Fp). 

fc>0 fc>0 

Considering the homomorphism 

i k : # fc (A?;F p ) H k (AM;¥ p ) 
induced by the inclusion A"M <— >• AM, we can look at the growth rates 

C x {M,g) := supliminf-log V dim 6 fc # fc (A^; F„) 
per n ^ 

and 

Ci(M,^) := supliminf log V dim L k H k (A^ n2 ; F p ) . 

P eP logn ^ 

It follows from the definitions of E(M) and e(M) that for a Lie group, 

C(M,g)>E{M) + C 1 (M,g) 

and 

C (M^)>e(M)+ Cl (M,^). 



Definitions and Tools 



9 



1.2 Cotangent bundles 

Let M be a smooth, closed manifold of dimension m. Let T*M be the corresponding 
cotangent bundle, and n : T*M — > M the usual projection. We will denote local coor- 
dinates on M by q = (q 1 , . . .,q m ), and on T*M by x = (q,p) = (q u . . . , q m ,Pi, ■ ■ ■ ,Pm)- 

We endowed T*M with the standard symplectic form u — dX where A = pdq = 
Pi dqi is the Liouville form. The definition of A does not depend on the choice of 
local coordinates. It has also a global interpretation on T*M as 

A(x)(0=p(dvrO 

for x G T*M and £ G T X T*M. 



A symplectomorphism <fi : (T*M,u) —> (T*M,u) is a diffeomorphism such that the 
pullback of the symplectic form u is u, i.e. 0*w = to. 

An Hamiltonian function is a smooth function H : T*M — > 1R. Any Hamilto- 
nian function H determines a vector field, the Hamiltonian vector field Xh defined by 



u(X H (x),-) = -dH(x). (1.1) 

Let H : S 1 x T*M — > 1R be a C°°-smooth time dependent 1-periodic family of Hamil- 
tonian functions. Consider the Hamiltonian equation 

x(t) = X H (x(t)), (1.2) 

In local coordinates it takes the physical form 

'«= (13) 

k p = -d q H(t,q,p). 
The solutions of ( |1.2|) generate a family of symplectomorphisms </?^ via 

= I fl o tp° H = Id. 



The 1-periodic solutions of ( |1.2| ) are in one-to-one correspondence with the fixed points 
of the time-l-map <pjj = V^h- ^ e denote the set of such solutions by 

V(H) = {x : S 1 -> H | x(t) = X H (x(t))}. 
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1.2 Cotangent bundles 



A 1-periodic solution of ( |1.2|) is called non-degenerate if 1 is not an eigenvalue of the 
differential of the Hamiltonian <iy?#(x(0)) : T X ^T*M — > T X ^T*M, i.e. 

det(J - dip H (x(0)) ^ 1. 

If H is time-independent and x a non-constant 1-periodic orbit, then it is necessar- 
ily degenerate because x(a + t), a £ H, are also 1-periodic solutions. We will call 
such an x transversally nondegenerate if the eigenspace to the eigenvalue 1 of the map 
d(p H (x(0)) : T x(0) T*M -> T x(0) T*M is two-dimensional. 

An almost complex structure is a complex structure J on the tangent bundle TT*M 
i.e. an automorphism J : TT*M — > TT*M such that J 2 = —Id. It is said to be 
u- compatible if the bilinear form 

(;■)= gj{.,.):=uj{;J-) 

defines a Riemannian metric on T*M. Given such an w-compatible almost complex 
structure, the Hamiltonian system ( |1.3| ) becomes 

X H (x) = J(x)VH(x). 

The action functional of classical mechanics Ah '■ A(T*M) — > 1R associated H is defined 
as i 

A H {x{t)) := f {X(x{t))-H{t,x{t))dt. 
Jo 

This functional is C^-smooth and its critical points are precisely the elements of the 
space V(H). 

1.2.1 Fiberwise starshaped hypersurfaces 

Let S be a smooth, connected hypersurface in T*M. We say that S is fiberwise star- 
shaped if for each point q £ M the set S g := E fl T*M is the smooth boundary of a 
domain in T*M which is strictly starshaped with respect to the origin q £ T*M. 

A hypersurface E C T*M is said to be of restricted contact type if there exists a vector 
field Y on T*M such that 

LyUJ = dlyUJ = U 

and such that Y is everywhere transverse to E pointing outwards. Equivalently, there 
exists a 1-form a on T*M such that da — u and such that aA(da) m ~ l is a volume form 
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on E. Our assumption that E is a fiberwise starshaped hypersurface thus translates to 
the assumption that E is of restricted contact type with respect to the Liouville vector 
field 

m 
i=l 

or, equivalently: the Liouville form A defines a contact form on E. 




Figure 1.1: Fiberwise starshaped hypersurface. 



There is a flow naturally associated with E, generated by the unique vector field R 
along E defined by 

d\(R,-) = 0, X(R) = 1. 

The vector field R is called the Reeb vector field on E, and its flow ip l R is called the Reeb 
flow. 

For r > let Or(t) be the set of closed orbits of ip l R with period < r. We measure the 
growth of the number of elements in Or(t) by 
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1.2 Cotangent bundles 



N R 



lminf-log(#0*(r)), 

T— >-oo 7" 

liminf-^log(#0 /J (r)). 



oo logr 



The number Nr is the exponential growth rate of closed orbits, while ur is the polynomial 
growth rate. 

1.2.2 Dynamics on fiberwise starshaped hypersurfaces 

Given a fiberwise starshaped hypersurface E C T*M, we can define an Hamiltonian 
function F : T*M — >■ 1R by the two conditions 



This function is of class C 1 , fiberwise homogeneous of degree 2 and smooth off the 
zero-section. 

Lemma 1.2.1. Let E C T*M 6e a fiberwise starshaped hypersurface. IfT, is the level set 
of a Hamiltonian function H : T*M — > M, i/ien i/ie Reeb flow of X is a reparametrization 
of the Hamiltonian flow. 

Proof. The restriction of the 2-form u = dX to TE is degenerate and of rank (2m — 2). 
Its kernel is therefore 1-dimensional. By definition of both Reeb and the Hamiltonian 
vector fields, they also define this kernel since 



F| s = 1, F(q, sp) = s 2 F(q,p), s > and (q,p) £ T*M. 



(1.4) 



iRdX\ T j] = 



and 



0. 



Therefore 



Xh(x) = a(x)R(x) 



for every x G E, with a nowhere vanishing smooth function a. 



□ 
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for every i6E and for a smooth positive function a on H x S. In particular, we have 
that 

<Pf{ x ) = Vr\x)- 

where s is smooth and positive. Since S is compact, s is bounded from above, say 
six) < 6. Thus for a fixed metric, the image of any segment of length one is an orbit 
segment of length at most b. Hence the image of a segment of length at most t has 
length less than (£ + l)b which for t > 1 is less than 2bt. This yields that the image of 
any periodic orbit of Xp of period < t has period < 2bt. Thus, if we denote by CV(t) 
the set of closed orbits of (pp with period < t, we have that 

R {t) > F (t)/2b. 

The growth of the function t i— >■ j^Opit) is thus equal to the growth of t i— > j^O^it) 

Now we want to establish a correspondence between 1-periodic solutions of X// and 
closed orbit of Xh on E. Consider the map c s : T*M — > T*M, 

c s ix) :— sx :— (q, sp) 

and define the vector field Y on T*M by 

Y(x) := ^- c s ix). 
as s=i 

In local coordinates = J2iPi^Pi- Differentiating c*X = J2i s Pid<li = s\ with 

respect to s, we obtain 

A = £yA = iyUJ. 

Differentiating F(sx) = s 2 F(x) with respect to s at s = 1 we get Euler's identity 

2F(x) = dF(x)(Y(x)) = -w(I f (i),y(i)) = X(X H (x)). 
In view of c*F = s 2 F and c* w = s u, we get 

c*2 ((Cs)t x F )W = i XF (c» 

= -sdF 
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1.2 Cotangent bundles 



Thus (c s )*Xp = ~X F or equivalently dc s (x)(X F )(x) = -X F (sx). 

Fix a 1-periodic solution x of X F and define x s by x s (t) := sx(t). Then 

i s = dc s (x)(X F )(x) = -X F (x s ). 

s 

Suppose A F (x) = a > 0. Euler's identity yields 

A F {x) = [ X(X F (x)) - F(x) = F(x). 
Jo 

So if we set s := l/yfa, then x s satisfies F(x s ) = s 2 F(x) = 1. Thus x s is a closed orbit 
of period ^fa. 

Conversely if y : S 1 — > £ is a closed characteristic, then ?/ = ^X F (y) for some s > 0. 
Thus x(t) := is a 1-periodic solution of Xi? and x s = y. 

We obtain that the map x cci/^ is a bijection between 1-periodic solutions of Xf 
with action a and the closed orbits with period ^/a. 

1.2.3 Spherization of a cotangent bundle 

Let M be a closed connected submanifold and £ C T*M a fiberwise starshaped hyper- 
surface in T*M. The hyperplane field 

£ E :=ker(A| E ) cTS 

is a contact structure on E. Consider another fiberwise starshaped hypersurface £'. 
The radial projection in each fiber induces a map ip q : £ g — > JR such that for every 
pGS,, ip q {p)p £ £g- Then the differential of the diffeomorphism 

* EE / : £ £' : (q,p)^ (q,ip q (p)p) 

satisfies 

\P^,(A| s )=VA|e 

where ?p(q,p) = 4> q {j>)- Thus \l/ss' maps £ s to ^ and hence is a contactomorphism 



(£,&)-►(£',&). 
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The induced identification of those contact manifold is called the spherization (SM,£) 
of the cotangent bundle. The unit cosphere bundle (SiM(g), ker A), 



associated to a Riemannian metric g on M is a particular representative. 

Fix a representative (£,£s). For every smooth positive function /:£—>• IR, £s = 
ker (fX |s) holds true. We can thus consider the associated Reeb vector field Rf on TE 
defined as the unique vector field such that 



We have seen in the previous section that for / = 1 any Hamiltonian function H : 
T*M — > 1R with = S, where 1 is a regular value, the Reeb flow of M.f is a time 

change of of the Hamiltonian flow (p l H restricted to S. Note that for a different function 
/ the Reeb flows on £ can be completely different. 

Given another representative the associated contactomorphism \&££' conjugates the 
Reeb flows on (£, A) and (£', ip~ 1 X), in fact 



This yields that the set of Reeb flows on (SM,£) is in bijection with Hamiltonian flows 
on fiberwise starshaped hypersurfaces, up to time change. 

Theorem A and Theorem B thus give lower bounds for the growth rate of closed orbits 
for any Reeb flow on the spherization SM ofT*M. 

1.3 Maslov index 

Consider ]R 2m endowed with its standard symplectic structure 

cu = dp A dq, (q, p) 6 M m x H m , 
and it's standard complex structure 



SxM{g) :={(q,p)£T*M\ \p\ = 1} 



d(/A) (%,-) = (), fX(Rf) — 1. 
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1.3 Maslov index 



Denote by Sp(2m) the set of symplectic automorphisms of (IR m ,Uo), i.e. 

Sp(2m) : = G Mat(2m x 2m, H) | ^*J ^ = J }, 
by £(m) the space of Lagrangian subspaces of (IR 2m ,uo), i.e. 

£(m) := {L C IR 2m | wo(t>,u>) = for all v,w G L and dimL = m}, 
and by Ao the vertical Lagrangian subspace Ao = {0} x H m . 

1.3.1 Maslov index for symplectic path 

In |TT] Conley and Zehnder introduced a Maslov type index that associates an integer 
Pcz{^) to every path of symplectic automorphisms belonging to the space 

SP ■= : [0, r] -> Sp(2m) | (0) = I, det(J - $(1)) ^ 0}. 

The following description is presented in ||3"9fl . 

It is well known that the quotient Sp(2m)/U(m) is contractible and so the fundamental 
group of Sp(2m) is isomorphic to Z. This isomorphism can be represented by a natural 
continuous map 

p : Sp(2m) -> S 1 

which restricts to the determinant map on Sp(2m) D 0(2m) ~ U(m). Consider the set 

Sp(2m)* := G Sp(2m) | det(J - *) ^ 0}. 
It holds that Sp(2m)* has two connected components 

Sp(2m) ± := G Sp(2m) | ±det(7 - tf) > 0}. 
Moreover, every loop in Sp(2m)* is contractible in Sp(2m). 

For any path ^ : [0, t] — >• Sp(2m) choose a function a : [0, r] — >■ 1R such that p(^f(t)) = 

A T m = a(r) " a(Q) . 

For A G Sp{2m)* choose a path ^(t) G Sp{2m)* such that ^(0) = A and *a(1) e 
{— /, diag(2, —1, . . . , —1, 2, — 1, • • • , — 1)}- Then Ai^a) is independent of the choice of 
this path. Define 

r(A) = A 1 (V A ), AeSp(2m)*. 
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The Conley-Zenhder index of a path \1> £ <SP is define as the integer 



fjiczi*) = A T (*)+r(*(r)). 



The following index iteration formula, proved in [[$J, will be used in section [4.2.1 . 



Lemma 1.3.1. Let £ Sp(2m) be any path such that 



$>(t)q(T) k 



for t > and k £ N. T/ien 



fcAi(^) 



/or every k £ N. Moreover, \r(A)\ < n for every A £ Sp(2m)* . 
1.3.2 The Maslov index for Lagrangian paths 

A generalization of the Conley-Zehnder index is due to Robbin and Salamon in ||37| . 
They associated a Maslov type index to any path regardless of where its endpoints lie. 

Let A(t) : [0, r] — > C(m) be a smooth path of Lagrangian subspaces. For each t we 
define a quadratic form Q to on A(to) as follows. Take a Lagrangian complement W 
of A(t )- For u £ A(t ) and t near t define £ IV by v + w(t) £ A(t). Then 

Qt {v) := ^|t=i Ci;o(f , is independent of the choice of W. Now fix a Lagrangian 

subspace 1/ and define 



Without loss of generality we can assume that A has only regular crossings with S(V) 
(this can be achieved by homotopy). Then the crossing form T t := Qt\\(t)nv is a non- 
singular quadratic form whenever A(t) £ E(V). 

The Robbin-Salamon index of a path A is defined as the half integer 



rn 



E k (V) := {L £ £(m) | dim(L n V) = k} and E(V) := (J 



k=l 




0<t<T 



A(t)GE(V) 
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1.3 Maslov index 



where the signature sign is the number of positive minus the number of negative eigen- 
values of the quadratic form. 

If \1/ : [0, r] — > Sp(2n) is a path of symplectic automorphisms, then the graphs of 
gr(^(t)), form a path of Lagrangian subspaces in (IR 2m © IR 2m , (-w ) © w ). The 
Robbin-Salamon index of a path \l/ is defined as the half integer 

mrsW = ms(gr(v),A), 

where A is the diagonal of IR 2m © IR 2m . If \I> £ SP, this index is equal to the Conley- 
Zehnder index fi C z(^)- 

1.3.3 Maslov index for periodic orbits 

Let H : [0, 1] x T*M — > IR be a time dependent Hamiltonian. In order to define the 
Maslov index of a 1-periodic solution of (|1.2| ) we can proceed as follows. 

Let x £ V(H). Then the symplectic vector bundle x*(TT*M) admits a symplectic 
trivialization $ : S 1 x ]R 2m x*(TT*M) such that 

$(t)A = T^ {t) T*M for all t € S\ (1.5) 

see Lemma 1.1]. By acting on the differential of the Hamiltonian flow along x, the 
trivialization $ provides a path in Sp(2m), 

^(t) = ^ 1 (t)rf^(^(0))$(0). 

If x € V(H), neither the Conley-Zehnder index ficz{^x), if well defined, nor the 
Robbin-Salamon index fiRs{^x) depends on the symplectic trivialization $ satisfying 
( |1 . 5| ) , for two such trivializations are then homotopic. 

We define the Maslov index of the 1-periodic orbit x by setting 

/i(x) := IIrs(^x)- 

If x is non-degenerate, \l/ x belongs to the set SP and thus fj,(x) is an integer equal to 
l^czi^x)- If x £ V(H) is transversally nondegenerate, gr(^ x (l)) £ Si (A) and thus 
fi(x) is not an integer. 



Chapter 2 



Convex to Starshaped 



In this chapter we follow the idea of sandwiching develloped in Frauenfelder-Schlenk, 



| I9| , and Macarini-Schlenk, ||29|| . By sandwiching the set E between the level sets of 
a geodesic Hamiltonian, and by using the Hamiltonian Floer homology and its isomor- 
phism to the homology of the free loop space of M, we shall show that the number of 
1-periodic orbits of K of action < a is bounded below by the rank of the homomorphism 

ifc :# fe (A a2 ;F p )^# fc (AM;F p ) 

2 

induced by the inclusion A a M > AM. 



2.1 Relevant Hamiltonians 

Let E be a fiberwise starshaped hypersurface in T*M. We can define a Hamiltonian 
function F : T*M — > 1R by the two conditions 

F| s = 1, F(q, sp) = s 2 F(q,p), s > and (q,p) G T*M. 

This function is of class C l , fiberwise homogeneous of degree 2 and smooth off the 
zero-section. To smoothen F choose a smooth function / : 1R — > 1R such that 

7(r) = ifr<£ 2 , 

f(r) — r if r > s 

f'(r) > if r > e 2 , 

,0</'( r )< 2 for all r, 
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Figure 2.1: The cut off function /. 



where e G (0, 4) will be fixed in section [2.2. 1| . Then / o F is smooth. 



Recall that (q,p) denotes canonical coordinates on T*M. Fix a Riemannian metric g 
on M, let g* be the Riemannian metric on T*M induced by g, and define 

G(q,p) := ^g*(q){p,p)- 

In the following we will often write G(q,p) = ^\p\ 2 - Our sign convention in the defini- 
tions of the symplectic form u and the Hamiltonian vector field ( |1 . 1|) is such that the 
flow (fQ is the geodesic flow. 



For r > we abbreviate 

D(r) = {{q,p) G T*M \ \p\ < r}. 

Recall that M is compact and that £ is fiberwise starshaped. After multiplying g by a 
constant, we can assume that G < F. Choose a > such that aG > F. Moreover we 
ask that G < F < aG on D c (e 2 ). 



The Hamiltonian Floer homology for F or G is not defined since all the periodic orbits 
are degenerate. As we shall consider multiples nF and nG of F and G, n G N, we 
associate to them the followings perturbations. 

Fix n G N. Choose cG (0, \). 

We shall add to nF a perturbation V n : S 1 x T*M — > 1R such that 

(VI) All 1-periodic solutions of x(t) = X n ^ p^ + y n {x{t)) are nondegenerate, and 



Convex to Starshaped 



21 



(V2) \\V n (t,q,p)\\ c i <mm{c,—— — , }, 

\\ A n(foF)\\c° \\P\\C° 

where ||y(t,z)|| c i := sup{\V(t,x)\ + \dV(t,x)\ \ (t,x) G S 1 x T*M}. 

We shall add to nG and naG* a perturbation W n : 5* 1 x M — > 1R such that 

(Wl) All 1-periodic solutions of x(t) = X n ^ oG - )+Wn (x(t)) and x(t) = X naG+Wn (x(t)) are 
nondegenerate, 

(W2) ||W n (t, qjWc 1 < niin{c n , — Hv n — - — } for some constant < c n < min{c, ^f}, 



,\X ncr G\\C° 

where d n < 1 will be fixed in section |2.3.2 



a ■ 



(W3) nG + W n <nF + V n < naG + W, 
(W4) nF -V n < naG - W n on F> c (£). 

Remark 1. We could add to nF, nG and naG the same perturbation W n (t, q) such that 
all 1-periodic solutions are nondegenerate and || W n (t, qOHc 1 < c n < c. However in the 
proof of Theorem B, the perturbations V n that we will consider will not be potentials. 
Therefore we made this more general choice of perturbations. 

We alter n(f o F) + V n near infinity to a perturbed Riemannian Hamiltonian. 
Choose smooth functions r n : 1R — > 1R such that 

r n (r) = ifr<3, 
r n( r ) = 1 if r > 6 and 
rL(r) > for all re JR. 



Set 



Gn(t,q,p) 
K n (t,q,p) 
G~(t,q,p) 



Then 
where 



naG(q,p) + W„(t,g), 

(1 - r n (\p\) (n(f o F) + V n ) (t, q,p) + r n (H) G+(t, 

(1 - r n (b|) (n(J o GO + W n ) (t, g,p) + r n (b|) G+(t, q,p) 

n((l - r n (|p|)(/ o G)(g,p) + r n (b|) <xG(g,p)) + W n (t, q). 

G~ < K n < G+ for all n G N. 



= n(/ o F) + K and G~ = n(f oG) + W n on D(3). 

Since D(S) = {F < 1} C {nF + V < 2n} C {nG + W n < 2n} C D(3), we thus have 
in particular that 

F n = n(/oF) + KonD(S). 



22 



2.2 Action spectra 




2.2 Action spectra 

The action spectrum S(H) of a proper Hamiltonian H : S 1 x T* M — > IR is the set of 
critical values of the action functional Ah '■ A(T*M) — > H, that is 

S(H) := {A H (x) I x G V(H)}. 

The following proposition follows from [|4l| , Proposition 3.7]. 

Proposition 2.2.1. T/ie action spectrum S(H) is the union of countably many nowhere 
dense subsets o/H. 

We now look at the action spectra of perturbed homogeneous Hamiltonians of degree 2. 
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Lemma 2.2.1. Let H be fiberwise homogeneous of degree 2 and let V(t, q,p) be a per- 
turbation such that \\V\\d < p£x\ a ■ Let x G V(H + V) and assume that H(x(t )) = a 
for some t G S 1 . Then it holds that 

a - c< H(x(t)) < a + c 

for allte S 1 . 

Proof. By definition of the Hamiltonian vector field we have 
d 



dt 



H(x(t)) 



= | dH(x(t)) x(t) | 

= \u(X H (x(t)),X H+v (x(t))) | 

= | u(X H (x(t)),X H (x(t)) + X v (x(t))) 

= \oo(X H (x(t)),X v (x(t))) | 

= | dV(x(t)) X H (x(t)) | 

^ ll^llc 1 H^tfllc 
< c. 



Assume there exist ti G S* 1 such that \H(x(ti)) — H(x(t ))\ > c. Then there exists 
t £ S 1 such that 

d -H{x(t)) 



dt 



> c 



which is a contradiction. 



□ 



In the sequel, Lemma [2.2. 1| will always be applied under assumption (V2) or (W2). 



Lemma 2.2.2. Let H : T*M — > 1R be fiberwise homogeneous of degree 2 and let W(t, q) 
be a perturbation such that || c-i < c. Let h : 1R —> 1R be a smooth function and let 
r > 0. Then it holds that 

(i) for x G V(h o H + W) we have 



A hoH+w (x) = I 2h\H{x))H{x) - h{H{x)) - W(t, x) dt, 
'o 



and that 

(ii) S(rH + W)C l S(H + W) + [-c, c] 
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Proof, (i) Set Y = YliPi^Pi- For each t G [0, 1] we have x(t) = XhoH+w( x (t)) and thus 

X(x(t)) = u(Y,X hoH+w (x(t))) 

= oj(Y, X hoH (x(t))) + co(Y, X w (x(t))) 
= d(h o H)(x(t))(Y) + dW{x{t)){Y) 
= h'(H( 1 (t)))dH(x(t))(Y). 

Since H is fiberwise homogeneous of degree 2, Euler's identity yields 

dH(x(t))(Y) = 2H(x(t)) 

whence 

X(x(t)) = 2h'(H(x(t)))H(x(t)). 

Therefore 

A hoH+w {x{t)) = [ (X(x(t)) - h{H{x{t))) - W(x(t))dt 
Jo 

= [ 2h'(H(x(t)))H(x{t)) - h(H{x(t))) - W(x(t)) dt 
Jo 

as claimed. 



(ii)By definition of the Hamiltonian vector field, we have that X C H{q,p) = cXx(q,p) 
and thus Xjj(q, ^p) = ^XH(q,p) since H is homogeneous of degree 2. Also, since W 
does not depend on p, Xw(t, q, -p) = Xw(t, q,p). Hence 

X rH +w(t, q, -p) = rX H (q, -p) + X w (t, q, -p) 

ty ty ty 

= X H (q,p) +X w (t,q,p) 
= X H+W (t,q,p). 

To the orbit x(t) = (q(t),p(t)) in V(H+W) therefore corresponds to x r (t) = (q{t), -p(t)) 
in V(rH + W). Claim (i) then yields 

A r H+w(xr) = / rH(x r ) — W(t,x r ) dt 



n 



1 1 

rH(q(t), -p(t)) - W{t, x r ) dt 



r 

i 



o 



-H(q(t),p(t)) -W(t,x r )dt 
r 



1 r - 1 f 1 

-Ah+w( x ) H / W(t,x r ) dt, 

r r Jo 
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and thus S(rH + W) C \S{H + W) + [-c, c] . □ 
We next have a look at the action spectrum of K n . 

Proposition 2.2.2. Let 7 G V{K n ). I/F( 7 (t )) < 1 for some t G S 1 , then A Kn {l) < 
n + 2c. 7/F(7(t )) > 1 for some t G S 1 , then A Kn (l) > n-2c. 

Proof. Assume first that F( 7 (t )) < 1 for some t G S 1 . Then 

(K n - V n ){7(to)) = n(f o F)( 7 (t )) < n 



and by Lemma p. 2.1 



- V n )(j(t)) = n(f o F)( 7 (t)) < n + c. 
Thus 7 G V(n(f o F) + V n ). Hence our choice of / and (V2) yield that 

^„(7) = Ai{foF)+V n {l) 

2nf{F(j))F( 1 ) + X(X Vn {x)) - n/(F( 7 )) - K( 7 ) dt 





2n/'(F( 7 ))F( 7 )-ri/(F( 7 ))dt + / dV n (x)(y) - K( 7 ) 
'0 ./o 

< n + 2c. 

Assume now that F( 7 (t )) > 1 for some to £ >S' 1 - Then 

- ((1 - r n (|p|))K + r n {\p\)W n )) ( T (t )) > n 



and by Lemma 2.2.1 



(K n - ((1 - r n {\p\))V n + T n (|p|)Wg) ( T (t)) > n - c. 

Then nF( 7 ) > n — c and n(f o -F)( 7 ) = nF( 7 ). Let again y = ^.iPidpi. Using the 
definition of K n we compute at 7 (t) = (q,p), for t G [0, 1] that 

d(K n ){-y(t)){Y) = - r' n {\p\){nF + V n )(t, q,p)\p\ + (1 - r n (\p\))d(nF + V n )(q,p)(Y) 
+ <(b|)(naG + W n )(t,g,p)b|+r B (b|)d(naG)(g,p)(y)- 

Since r^(b|) > and noG + W n > + V n , the sum of the first and third summands 
is > 0. Together with Euler's identity applied to the functions nF and naG we obtain 
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2.2 Action spectra 



that 

d(K n ){j{t))(Y) - K n { 7 (t)) > (1 - r n (\p\)) (d(nF + V n )(j{t))(Y) - (nF + V n ){-y(t)) 

+ T n (\p\)(d(n<TG)( 1 (t))(Y) - (naG + Wn^it))) 
= (1 - r n (|p|)) (nF - K)(7(0) + r„(b|)(^G - W n )( 7 (*)) 
+ (l-r re (|p|))dK(7(0)(^) 

> (nF - v n )(rf(t)) + (i - r n (b|))dy n ( T (*))(y)- 

where in the inequality we use the fact that r n (|p|) > and noG — W n > nF — V n . 
Recalling (V2) and < 1 - r n (|p|) < 1, this yields 

AkM = f (d(K n )( 7 (t))(Y) - K n ( 7 (t))) dt 



JO 

> [ nF( 7 (t))dt- [ V n fr{t))-(l-T n {\p\))dVMt)){Y)dt 
Jo Jo 

> n - 2c. 

as claimed. □ 

2.2.1 The Non-crossing lemma 

Consider the space of Hamiltonian functions 

ft 6 (G+) = {H : S 1 x T*M -> K | H = G+ on S 1 x T*M\D(6)}. 
Note that G~ and K n belong to Ti^G^)- For a G 1R set 

n a 6 (Gt) = {H eH 6 (G+) \a#S(H)}. 
Now fix a smooth function (3 : IR — > [0, 1] such that 

p(s) = for s < 0, 

P(s) = 1 for s > 1 and (2.1) 
/3'(s) > for all s G IR. 

For s G [0, 1] define the functions 

G n ,. = (l-P(s))G- + P(s)Gl;. (2.2) 

Then G HjS G H 6 (G+) for each s G [0, 1]. 

Recall that a > 1. Choose a G]n — 2c, (n + 1) — 2c[ and define the function a(s) : 
[0, 1] ^ IR by 
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Note that a(s) is monotone decreasing with minimum a(l) = a/a. Recall e G (0,^) 
entering the definition of the smoothing function /. We assume from now on that it 
also fulfills 

* < (2.3, 
Lemma 2.2.3. If [a -c n ,a + c n ] n S(G~) = 0, then a(s) S(G n , s ) for s G [0, 1]. 

Proof. Take 7 = {q{t),p{t)) G V{G n>s ). 

Assume first that |p(£o)| > 3 for some to G S 1 . Then 

(G„,« - W„)(t(*o)) > nG( T (to)) > 4- 
By Lemma |2.2.1| we therefore have 

9 

naG(j) > (G njS - W n )(j) > n- - c n . 

Then 7 C D c (e) and / o G(y) = G( 7 ). Hence 

G n , s = n(l - 0(a)) ((1 - r n {\p\)G + r n (b|)aG) + n/3( S )aG + W n . (2.4) 

Doing a similar computation as in the proof of Proposition |2.2.2| where we replace F 
by G, we find 

d(G n , s )(j(t))(Y) - G njS (j(t)) > «(1 - ((1 - r n (\p\))(G(y(t))) + r n (b|)(aG( 7 (t)) 

+ n/3( S )( ( rG( 7 (t)))-W n ( 7 (t)) 

> n(l - 0(a)) (G( 7 (t))) + rtfCs) (<rG( 7 (f))) - W„( 7 (t)) 

> nG( 7 (*)) - W»(7W) 

> 2n 



where the last inequality follows from (|2.4j) , Lemma [2.2. 1| and the observation 

(G n , s - W n )(i{t)) = n(C n , s G( 7 (*))) > n(C n , s ~) - 
where C nyS is a positive constant. Thus 

Aa n , s >2n>n+l>a> a(s). 
Assume next that |p(£o)| — £ f° r somme t G S 1 . Then 

{G n , s - W n ){y(t )) < naG(y{t )) < naj. 
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2.3 Floer Homology for convex Hamiltonians 



By Lemma |2.2.1| we therefore have 

e 2 

nGicf) < (G n>a - W n ){y) < no— + c n . 
Then r n {\p{t)\) = for all t E [0, 1], which yields G~( 7 ) = n(f o G){j) + W n (j) and 
G n , s (l) = n((l - /?(*)) (/ o G) ( 7 ) + P{8)<rG{i)) + W„( 7 ) 
= n((l - /9(s))/ o +/3(s)a)G( 7 ) + W n (rf). 
By Lemma |2.2.2| (i) we therefore have 



A Gn M = J 2n((l-/3(s))f(G(j)))G( 1 )-G n , s (y)dt. 
Together with /' < 2 and the choice of e we obtain that 



A G M< / InG^-WMdt 



n 

< 2nae 2 + 5c n 

n — 2c 
< 

< afl) < afs). 



Assume finally that 7 lies in D(3)\D(e). Then T n (\p(j)\) = and (/ o G)( 7 ) = G( 7 ). 
Hence G~( 7 ) = nG{j) + W n ( 7 ) and 

G n , s (l) = (1 + /?(a)(o- - l))nG( T ) + W n ( 7 ). 



If A.G ns {l) = a ( s ); then, in view of Lemma |2.2.2| (ii) and the definition of a(s), we obtain 



that [a — c n ,a + c n ] fl S(nG + W n ) 7^ which is a contradiction to our hypothesis. □ 

2.3 Floer Homology for convex Hamiltonians 



Floer Homology was invented by Floer in a series of seminal papers, see [14, 15, 16 1 



2.3.1 Definition of HF«{H; ¥ p ) 
The chain groups 

Let H e H^G^) such that all 1-periodic solutions of 

x(t) = X H (x(t)) 
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are nondegenerate. For a < (n + 1) — 2c define 

V a (H) := {x G V(H) | A H (x) < a} 

For 7(t) = (q(t),p(t)) G V(H) such that |p(io)| > 6 for some to G S* 1 we have by 
Lemma [2.2. 1| 

nGi^) > 3n — c n . 

Then by Lemma |2.2.2| (i) we have 



A H (j) = A?+(7) = / naG{i) - W n {i)dt > 3n - 2c n > 2n > n + 1 
Jo 



whence 



V a (H) C D(6) (2.5) 



By Lemma |2.2.1| , the set V a (H) is finite. For each x G V(H) the Maslov index p(x) 
is a well-defined integer, see Section [1.3| . Define the k th Floer chain group CFg(H;F p ) 
as the finite-dimensional F p - vector space freely generated by the elements of V a (H) of 
Maslov index k, and define the full Floer chain group as 

CF:(H;W p ) = ($CFZ(H ] W p ). 



Almost complex structures 

Recall that an almost complex structure J on T*M is w-compatible if 

(;■) = 9j(-7-) ■= 

defines a Riemannian metric on T*M. Consider the Liouville vector field Y = ^tPidpi 

o 

and its semi-flow ip t , for t > 0, on T*M\D(6). Denote by 

£ = ker(iya;|a D ( 6 )) 

the contact structure on dD(6). 

o 

An w-compatible almost complex structure J on T*M is convex on T*M\D(6) if 

•/£ = £, 

J(x)Y(x)) = 1, for x G clD(6) 
di/j t (x)J(x) = J(i/jt(x))dip t (x), for x G dD(Q) and t > 0. 

Following H U we consider the set J of t-dependent smooth families J = {Jt}, t G S 1 , of 
w-compatible almost complex structures on T*M such that J t is convex and independent 

o 

of t on T*M\£)(6). The set J is non-empty and connected. 
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2.3 Floer Homology for convex Hamiltonians 



Compactness 

For J 6 J, for smooth maps u from the cylinder H x S 1 to T*M, and for x ± e V a (H) 
consider Floer's equation given by 

d s u + J t {u){d t u - X H (t,u)) = 
lim^-too u(s, t) = x ± (t) uniformly in t. 

Lemma 2.3.1. Solutions of Floer's equation ( |2.(j| ) are contained in D(6). 

Proof. By V a (H) C D(6) we have x ± C -D(6), whence 

lim u{s,t) = x ± (t) C D(6). (2.7) 

s— >±oo 

In view of the strong maximum principle, the lemma follows from the convexity of J 
outside D(6) and from ( |2.7| ) together with the fact that H = outside D(6) implies 
u(Y, JX H ) = 0, see Appendix ^ and [g gT). □ 



We denote the set of solutions of (|2.6f) by A'l x + , if; J). The elements of V a (H) 
are the stationary solutions of Floer's equation ( [2.6|) and if m G A^(x~, x + , H; J), then 
^4.jf(x _ ) > Ah(x + ), see the more general Lemma [2 . 3 . 2| below. So x, if; J) contains 

only the elements x, and 

■M(2r,2; + , H; J) = if *4.//(aT) < A H (x + ) and x" 7^ x + . 



The compactness of the manifolds A4(x~ } x + , H; J) follows from Lemma [2.3.1| and the 
fact that there is no bubbling-off of J-holomorphic spheres. Indeed, [oj] vanishes on 
%2{T*M) because 00 = dX is exact. See ||I5| , p8| for details. 



The boundary operators 

There exists a residual subset J reg (H) of J such that for each J e J reg (H) the linearized 
operator to Floer's equation is surjective for each solutions of ( |2.6| ). For such a regular 
J the moduli space Ai(x~ , x + , H; J) is a smooth manifold of dimension fi(x~) — 
for all x ± E V a (H), see 

Fix J G J Teg (H). It is shown in 0, Section 1.4] that the manifold A1(x _ , x + , H; J) can 
be oriented in a way which is coherent with gluing. In particular, when fi(x~) —fi(x + ) = 
1, A4(x~, x + , H; J) is an oriented one-dimensional manifold. 
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Note that the group IR freely acts on Ai(x ,x + ,H;3) by time-shift. We will use the 
notation 

M(x~,x + 1 H;3) := M(x~,x + ,H; J)/H. 

Denoting by [u] the equivalence class of u in the zero-dimensional manifold Ai (x~ ,x + ,H; 3) 
we define 

e(M)e{-i,l} 

to be +1 if the H-action is orientation preserving on the connected component of 
A4(x~, x + , H; J) containing u and —1 in the opposite case. 

For x ± G V a {H) with fi(x~) = fi(x + ) + 1 let 

n(x-,x+,H-J):= ]T e([u}) 

[u]£M(x-,x+,H;J) 

be the oriented count of the finite set A4(x~, x + , H; J). For k G Z one can define the 
Floer boundary operator 

d k (J) : CF£(H;F p ) -> CFS_ 1 (H;V P ) 
as the linear extension of 

<9fc(J)x~ = '^^n(x~ ,x + , H; J)x + 

where x~ G V a (H) has index fi(x~) = k and the sum runs over all x + G V a (H) of 
index = k — 1. Then 9^_i(J) o 8^(3) = for each k. The proof makes use of 

the compactness of the 0- and the 1-dimensional components of A4(x~, x + , H; J), see 
H M 0. 



The Floer homology group 

The k th Floer homology group is defined by 

imd fc+ i(J) 

As our notations suggests, it does not depend on the choices involved in the construc- 
tion. They neither depend on coherent orientations up to canonical isomorphisms, see 
|2|, Section 1.7], nor on J G J Teg up to natural isomorphisms, as a continuation argu- 
ment shows, see [[U], f40|. The groups HF£(H; ¥ p ) do depend, however, ona<2(n + l) 



and H G n 6 (G+). 

In the sequel, the field ¥ p is fixed throughout. We shall therefore often write CF^(H) 
and HF?(H) instead of CF?(H;W P ) and HF?(H;W P ). 



32 



2.3 Floer Homology for convex Hamiltonians 



2.3.2 Continuation homomorphisms 

Let /3 : IR -»■ [0, 1] be the function from ( j2~T|) . Given two functions H~, H + £ H 6 (G+) 
with H~(t, x) < H + (t, x) for all (t, i) G S 1 x T*M, we define the monotone homotopy 

H s = (l-(3(s))H- + (3(s)H + . (2.8) 

Then iJ s £ H P (G^) for each s, and 



H~ for s < 
H+ for s > 1 



Consider the equation 

d s u + J Sit (u)(d t u- X Hs t (u)) = 
\im s ^ ±00 u(s,t) = x ± (t) uniformly in t, 

where the map s i— > { J Sit } for s £ IR and t £ [0, 1], is a regular homotopy of families 
{Jt} of almost complex structures on I 'M. This means that 

• J Si t is w-compatible, convex and independent of s and t outside D(6), 

• J S;t = Jf £ J reg (H-) for s < 0, 

• J Sit = Jt e Jre 9 (^ + ) for s > 1. 
The following lemma is well-known. 

Lemma 2.3.2. Assume that u : IR x S* 1 — > T*M is a solution of equation ( |2.9| ) . Then 

P 1 /'OO 

< - / / /3'(s)(if!- H Q )(t,u(s,i)) ds dt. 

JO J-oo 

Proof. Extend the map u : Z = IR x S 1 — > T*M to a smooth map 

u : S 2 = LL U Z U D + -> T*M. 

Since a; = c/A is exact, we find, using Stoke's Theorem and taking orientations into 
account, that 



= / d(u*X) = d\= d\+ d\+ = / A + / dX- X. 

Js 2 Ju(S 2 ) Ju(D-) Ju(Z) Ju{D+) Jx- Ju(Z) J x+ 
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Moreover, by the definition of the homotopy (|2.8|) we obtain that 

-^H s (t,u(s,t)) = dH s (t,u(s,t))(d s u) + P\8)(H X - H )(t,u(s,t)). 
This and the asymptotic boundary condition in (|2.9|) yield 

1 ^oo pi pi 

dH s (t,u(s,t))(d a u) ds dt = H + (t,x + )dt- H~(t,x~) dt 

Jo Jo 

1 POO 

/ /3'(s)(#i- H )(t,u(s,t)) ds dt. 

J-oo 

Together with the compatibly g Sjt (v,w) = u)(v, J s ,tw), Floer's equation in ( [2.9|) , Hamil- 
ton's equation ( |1.2j ) and the definition of the action functional we obtain that 

"1 POO 



Pi POO 

0< / / g s ,t(d s u, d s u) ds dt 

Jo J-oo 



oo 

1 POO 



g s ,t(dsU, J s> t{d t u - X Hs (u))) ds dt 

pi poo 

u*tu — / / lu(X Hs (u), d t u) ds dt 

Z Jo J-oo 

[ X - [ X+ [ H + (t,x + )dt- [ H~ 

Jx~ Jx+ Jo Jo 



(t, x ) dt 



1 POO 



H )(t,u(s,t)) dsdt 

"1 poo 



pi poo 

= A H -(x~) -A h +(x + ) - / / P'(s)(Hx- H )(t,u(s,t)) ds dt 

Jo J-oo 

as claimed. □ 



In view of this lemma, the action decreases along solutions u of (|2.9| ). By counting 
these solutions one can therefore define the Floer chain map 

<p H+ H- ■■ cf:(h~) cf:(h + ), 

see @. The induced continuation homomorphism 

<$> H+H - : HF:(H-) -)> HF:(H + ) 

on Floer homology does not depends on the choice of the regular homotopy {J s ,t} used 
in the definition. An important property of these homomorphisms is naturality with 
respect to concatenation, 



$tf 3 ff 2 ° $ i? 2 H! = for H l <H 2 < H 3 . 



(2.10) 
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2.4 From Floer homology to the homology of the free loop space 



Another important fact is the following invariance property, which is proved in || and 
1, Section 4.5]. 

Lemma 2.3.3. If a ^ S(H S ) for all s G [0, 1], then <$> h +h- ■ HF?(H + ) HF^(H~) 
is an isomorphism. 

2.4 From Floer homology to the homology of the 
free loop space 

2.4.1 Continuation homomorphisms 

The goal of the section is to relate the groups 

HF:(G-), HF:(K n ) and £Ti?(G+). 



By Proposition |2.2.1| , the set 

S(n) = (S(G~) U S(K n ))n }n - 2c, (n + 1) - 2c[ 
is finite. In particular, 

5 n := min{s G S(K n ) | s > n — 2c} > n — 2c. 

The set 

S(G~) n ]n - 2c, {n + 1) - 2c[ n }n - 2c, 5 n [ 

is also finite. Define d n as the minimal distance between two elements of this set. Recall 
from (W2), we assume that the constant c n fulfills 

< c n < ^. (2.11) 

Choose 

a n G (]n-2c,(n + l)-2c[n]n,5 n [)\S(n), (2.12) 

and 

b n eK,(n+l)-2c[ (2.13) 

such that 

]a n - c n , b n + c n [ n = 0. 

Then a n is not in the action spectrum of G~ and K n , and by Proposition p. 2. 2 



A Kn (x) <a n ^xe V(K n ) n D(E). 
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Remark 2. In the degenerate case when c = we have that 

A Kn (x) <a n ^xe V(K n ) n £>(£). 

Next we want to show that HF a ™{G~) and HF an ^ a (G^) are naturally isomorphic when 
n > 2. This is a special case of a generalization of Lemma [2.3.3| stated in |46| , Proposi- 
tion 1.1]. 

Set 

aJs) : 



l + /3(s)(a-l) 
and 

bJs) :-. 



i + p( 8 ){(T-iy 

For (s, t) in the band bounded by the graphs of a n (s) and b n (s) we have that t (jL S(G n , s ) 
in view of the Non-crossing Lemma [2.2.3| . Choose a partition = sq < s% < . . . < < 
Sk + i = 1 so fine that 

b n (s j+1 ) > a n (sj) for j = 1, . . . , k. 
Abbreviate a,,- = a n (sj) and Gj = G n)Sj . Then 

a, £ S(G n>s ) for s e [sj, s j+ i]. 



Together with Lemma 2.3.3 we find that 



$ G . +lG . : ///••:' {(;,) ///••:• 

is an isomorphism. Since [aj+i — c n , a^ + Cn] n S(G j+1 ) = 0, we have HF* i (G j+1 ) = 
HF* J+1 (G j+1 ) and thus 

is an isomorphism. Recalling that ao = a n and a^+i = a n /<7 we obtain that the 
composition 

%tG~ n ■= ®G k+lGk o.-.o 8 GaGl o $ GlGo : hf^(g~) -+ 
is an isomorphism. Let 

HF(t n ) : HF^(G+) -> HF^(G+) 
be the homomorphism induced by the inclusion i n : CF*"^ a (G^) — > CF^ n (G^). 
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2.4 From Floer homology to the homology of the free loop space 




S Q = S l S 2 S k+1 = l 

Figure 2.3: The curves a n (s) and b n (s). 



Proposition 2.4.1. For each k there is a commutative diagram of homomorphisms 




(2.14) 



HF^(K n 




Moreover $ 



G n G n 



is an isomorphism. 



Proof. By construction, the isomorphism $ G + G - is induced by the composition of Floer 
chain maps 

rl Gj '■ CF* 3 {Gj) — > CF* J+1 (Gj + i) C CF* J (Gj 



J Gj 



Therefore, i n o $ G+G _ is induced by the composition of Floer chain maps 



We, :CF?(G j )^CF?(G j+1 ). 



By the concatenation property ( 2.10 ) this composition induces the same map in Floer 
homology as 

:CF?{G-)^CF^{Gt). 



G n G n 
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The upper triangle therefore commutes. The lower triangle commutes in view of G n < 
K n < and according to (|2.1Q|) . □ 



Corollary 2. dim HF£ n (K n ) > rank (HF k (L) : HF* n/a {G+) -> HF^(G+)\ 
2.4.2 To the homology of the free loop space 

The goal of this section is to prove that the rank of the map HF k (t) : HF^ n ^ a (G^) — > 
HF k n ( G t) is bounded below by the rank of t k : H k (A na ") -> H k (A). This will be 
done by first applying the Abbondandolo-Schwarz isomorphism, [[| , between the Floer 
homology of and the Morse homology of its Legendre transform L, and by then 
applying the Abbondandolo-Mayer isomorphisms, (p, from the latter Morse homology 
to the homology of the free loop space AM of the base. 

Theorem 3. Let (M, g) be a smooth, closed, orientable Riemannian manifold and K n 
be as above. It holds that 

dim HF? {K n] F p ) > rank i k E k (A na " ; F p ) . 

We start with proving 

Proposition 2.4.2. For each k there is a commutative diagram of homomorphisms 

HF° n/cr (G+; ¥ p ) H k (A na "; F p ) 

HF k (i) H k {i) 

HF£»(G+; F p ) -^-> H k (A n(Tan ; F p ) 

where the horizontal maps are isomorphisms and the right map H k (t) is induced by the 
inclusion A nan ^ A ncran . 

Proof. Let L : S 1 x TM — > 1R be the Legendre transform of G„, let 

S L (q) := / L(t,q(t),q(t))dt 
Jo 

be the corresponding functional on AM, and let 

A* := {q G AM \ S L (q) < b}. 
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2.4 From Floer homology to the homology of the free loop space 



Applying Theorem 3.1 of Abbondandolo-Schwarz in [0 we obtain for each b > the 
isomorphism 

HF b {G + n] ¥ p ) ^ HM b {L-¥ p ), 

where HM b (L;¥ p ) denotes the Morse homology below level b of Sl constructed in 
see also [[| Section 2]. The Abbondandolo-Schwarz chain isomorphisms 



CF b k {G + n -¥ p )^CM b k {L-¥ p ) 
between the Floer and the Morse chain complexes commute with the inclusions 

CF b (Gt;¥ p )^CF b '(Gt;¥ p ) 

and 

CM b (L;¥ p )^CM b k (L;¥ p ) 

for V > b, see |2|, p. 298]. Therefore, the induced diagram of homology groups com- 
mutes, 



HF b k (G+;¥ p ) 

HF k ( L ) 

HF b '(G^¥ p ) 



-HM b (L,¥ p ) 

HM k {i) 

HM b \L;¥ p ) 



Moreover, Abbondandolo and Mayer constructed chain isomorphisms 

CM b (L;¥ p )^C k (A b L ;¥ p ) 
between the Morse and the singular chain complexes which commute with the inclusions 

CM b (L-¥ p )^CM b k \L-¥ p ) 

and 

C k {K b L ;¥ p )^C k {K b i-¥ p ) 

for V > b (see and Section 2.3]). Thus the induced diagram of homology groups 
commutes, i.e. 



HF b (G+-¥ p ) 

HF k {i) 



H k (A b L ,¥ p ) 



HM k {i) 



HF b k \G^¥ p )—^H k (K b l-¥ p ) 



rnb' 
1 k 



Convex to Starshaped 
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Notice now that L(t,q,v) = ^^\v\ 2 — W n (t,q), whence by Lemma |B.0.1| A^™ retracts 



on A naan + c n ] does not belong to the spectrum of G n . Proposition [2.4.2| 



follows. □ 
Consider now the commutative diagram 



H k (A na ";F p ) (2.15) 




H k (A n ^ ; F p ) - H k (AM; F p ) 

induced by the inclusion A nCLn C A naCLn C AM. In view of Proposition |2.4.2| and ( [2.15| ) 
we have that 

rank (hF h (i) : H F a k ^ {G + n] ¥ p ) -+ Hi^(G+;F p )) 
is bounded below by 

rank (t k : H k (A na "; F p ) -> H k (AM] F p )) . 
Together with Corollary ^ this yields 

dimHF^(K n] F p ) > rank : # fc (A na "; F p ) -> if fc (AM; F p )) . 
Which conclude the proof of Theorem |[ 

Suppose (M, (?) is energy hyperbolic, /i := C(M, g) > 0. By definition of C(M, g), there 
exist p G P and iVoGN such that for all m > Nq, 

J2dimc k H k (A^ m2 ;¥ p )>e^ hm . 

k>0 

Therefore there exists N G N such that for all n > N, 



^ranki fc > e hn . 



fc>0 



Together with Proposition [2.4.2| we find that 



J^rank HF k {i) > ^ranki fc > e hn . (2.16) 



fc>0 fc>0 



Similarly, if c(M, g) > we find that there exists p G P and JVgN such that for all 

n > N, 

^rank#F fc (i) > J^ranki fc > n h . (2.17) 



fc>0 k>0 



Chapter 3 



Morse-Bott homology 



In order to prove Theorem B, we use Morse-Bott homology and its correspondence to 
Floer homology. This chapter is devoted to the definition of Morse-Bott homology. 
In the first section we give a definition of a generic hypersurface in order to achieve a 
Morse-Bott situation. In the second section, we associate to a relevant Hamiltonian an 
additional perturbation in order to obtain an isomorphism between its Floer homology 
and Morse-Bott homology. The main tool of this isomorphism is the Correspondence 
Theorem due to Bourgeois-Oancea, [[?[], which will be discussed in the last section. 

3.1 A Morse-Bott situation 

Let (X,g) be a Riemannian manifold. A smooth function / G C°°(M,TR) is called 
Morse-Bott if 

crit(/) := {x G X | df(x) = 0} 
is a submanifold of X and for each x G crit(/) we have 

T x crit(/) = ker(Hess (/)(z)). 

Let F : T*M — > 1R be a Hamiltonian such that F\s = 1. The action functional Af is 
invariant under the ^-action on AM given by 7(f) 1— >■ j(t + •). In order that it's critical 
points are Morse-Bott manifolds we make the following nondegeneracy assumption on 
the Reeb flow on E. 

(A) The closed Reeb orbits of £ are of Morse-Bott type, i.e. for each r the set Or(t) 
of r-periodic Reeb orbits is a closed submanifold and every closed Reeb orbit is 
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3.1 A Morse-Bott situation 



transversally nondegenerate, i.e. 

det(l-^( 7 (0))|O^0. 



Assumption (A) is generically satisfied. We will then say that E is generic. If (A) is 
satisfied, then the action functional Af is Morse-Bott. 

There are several ways to deal with Morse-Bott situations. The first possibility we are 
going to use, is to choose an additional small perturbation to get a Morse situation. 
Our perturbation is the one introduced in [|9]. The second possibility is to choose an 
additional Morse function on the critical manifold. The chain complex is then generated 
by the critical points of this Morse function while the boundary operator is defined by 
counting trajectories with cascades. This approach was carried out by Frauenfelder in 
fll8| , Appendix A] and by Bourgeois and Oancea in [0. 

In [[?), Bourgeois and Oancea studied a particular class of admissible Hamiltonians 
corresponding in our setting to Hamiltonians H : T*M — >■ 1R such that 

(i) i?|£)(E) is a C 2 -small Morse function and H < on -D(E); 

(ii) H(q,p) = h(p) outside -D(S), where h is a strictly increasing function, convex at 
infinity and such that the 1-periodic orbits of Xh are in one-to-one correspondence 
with closed Reeb orbits. 

The 1-periodic orbits of Xh then fall into two classes: 

(1) critical points of H in -D(XI); 

(2) nonconstant 1-periodic orbits of X^. 

For such Hamiltonians, they obtained an isomorphism of the homology of the Morse- 
Bott complex with the Floer homology with respect to the same Hamiltonian with an 
additional perturbation. 

In the following we will follow their approach. However in view of our particular choice of 
Hamiltonian, we will deal with a slightly simpler situation. Instead of dealing with two 
classes of periodic orbits as in 0, we only have nonconstant 1-periodic orbits. Moreover, 
as we are working below an energy level a, we are able to apply their Correspondence 
Theorem to our situation. 



Morse-Bott homology 
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3.2 An additional perturbation 

Let £ be a fiberwise starshaped hypersurface and assume £ is generic in the sense 
of (A). As in section |2.1| , we can define a Hamiltonian function F : T*M — >■ IR by the 
two conditions 

F| s = 1, F(g, sp) = s 2 F{q,p), s > and G T*M, 

and smoothen F by composing it with the smooth function / : IR — > IR. 



By the assumption of genericity, all the elements of V(f o F) are transversally nonde- 
generate. Thus every orbit 7 G 7 ? (/ o F) gives rise to a whole circle of nonconstant 
1-periodic orbits of Xf a p whose parametrizations differ by a shift t G S 1 . We denote 
by 5 7 the set of such orbits, so that S 1 = S^r.+t) f° r & U t G S* 1 . The Maslov index 
is still well-defined for these orbits. But as the eigenspace to the eigenvalue 1 is two 



dimensional, their index will be a half integer, see section [L3 



The following construction is the one described in j^, Proposition 2.2] and [[?]]. For each 
7 G V(f of), we choose a Morse function / 7 : 5 7 — )■ IR with exactly one maximum 
Marc at ti and one minimum min at £2- We denote by / 7 G N the maximal natural 
number so that j(t + l// 7 ) = 7(t) for all £ G S 1 . We choose a symplectic trivialization 
ijj := (^1,^2) : C^y -> V' C S* 1 x ]R 2n " 1 between open neighborhoods ?7 7 C T*M of 
7(5' 1 ) and V of S 1 x {0} such that = Here Sl x ]R2n_1 is endowed with 

the symplectic form u := Ya=i dpi A dqi, q 1 G S* 1 , (p 1 ,q 2 ,p2, ■ ■ ■ ,p n ) G IR 2 ' 1 ^ 1 . Let 
p : S 1 x ]R 2n_1 — >■ [0, 1] be a smooth cutoff function supported in a small neighborhood 
of S* 1 x {0} so that p\s 1 x{o} = 1- For 5 > and (t, q,p) G S* 1 x f/ 7 , we define 

Fs(t,q,p) := f °F(q,p) + Sp(i)(q,p))f^(tlj 1 (q,p) -L,t). 

We will denote the perturbation added to / o F by hg. 



This perturbation destroys the critical circles and gives rise to two obvious solutions of 
x = Xp g (t, x), namely 

7max(£) = lit + ti// 7 ) 

and 

7min(^) = l(t + t 2 /lj). 

By construction these orbits are nondegenerate, their indexes are then integer. It is 
shown in H, Proposition 2.2] that for 5 sufficiently small 7 m ; n and 7 max are the only 
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3.3 Morse-Bott homology 



elements of V(Fs) in Us and their indexes are given by 

M7min) = nirt) ~ ^ and /i(7 max ) = 0(7) + ~. 

Recall from section [O] that ^(7) is a half integer. Therefore //(7 mm ) and /i(7 max ) are 
integers. 

3.3 Morse-Bott homology 

Consider the space of autonomous smooth Hamiltonian functions 

H' 6 (G+) = {H : T*M IR I H = G+ on S 1 x T*M\D(Q)}. 

Let H G "Hg(G^). Fix a < n + 1, and suppose that every orbit 7 G V a (H) gives 
rise to a whole circle of non-constant periodic orbits 7 of Xh, which are transversally 
non-degenerate. We denote by S 7 the set of such orbits. 

The chain groups 

For each S T , 7 6 V a (H) choose a Morse function / 7 : S* 7 — > IR with exactly one max- 
imum and one minimum. We denote by 7 max) 7mm the orbits in S 1 starting at the 
maximum and the minimum of / 7 respectively. 

The k th Morse-Bott chain group is defined as the finite dimensional F p -vector space 
freely generated by the the set of 7 m j n , 7 max of Maslov index k so that 7 is an element 
of V a (H), and the full chain group is defined as 

BC:(H;¥ p ) := ¥ p ( lmilM ) 
where the grading is given by the Maslov index. 
Almost complex structures 

Following section |2.3.1| in the definition of Floer homology, we are considering the 
set J of t-dependent w-compatible almost complex structures J on T*M such that J 

o 

is convex and independent of t on T*M\D(6). Recall that an w-compatible almost 

o 

complex structure J on T*M is convex on T*M\D(6) if 

w(y(z), J(x)Y(x)) = 1, for x G &D(6) 
dipt(x)J(x) = J \^t{x))dip t {x) , for x G dD(6) and t > 0, 
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where Y denote the Liouville vector field ^iPidpi. 

Trajectories with cascades 

Fix J G J, 7,7 G V a {H). We denote by 

M(S-, S x , H, J) 
the space of solutions u : 1R x S 1 — > T*M of Floer's equation 

d s u + J t (u)(d t u-X H (t,u))=0 (3.1) 
subject to the asymptotic conditions 

lim u(s, t) = j(t), 

s— oo 

lim u(s, t) = 7(t), 

s— >+oo — 

lim d s u(s, t) = 

uniformly in t. The Morse-Bott moduli spaces of Floer trajectories are defined by 

M(Sj, S 7 ; H, J) := M(S W , Sy, H, J) /JR. 

It is shown in [|7|, Proposition 3.5] that there exists a dense subset J~ reg (H) C such 
that given J G J reg (H) the Morse-Bott moduli spaces of Floer trajectories are smooth 
manifolds, and their dimensions are 

dim Ai(S^, S 7 ; H, J) = /i(t~) — /x(7). 

We have natural evaluation maps 

ev : M(S-, 5 7 ; J) -» 



and 

defined by 



ey : M{S^Sy H, J) -> 5^ 
ev([u]) := lim ■), ev([-u]) : = lim tt(s, ■). 



For each Sj, 7 G V a (H), consider the Morse function / 7 : S* 7 — > IR and its negative 
gradient flow 0* with respect to — V/ 7 . Define the stable an unstable manifold by 

W s (p; -V/ 7 ) := {2; 6 5 1 lim 7 (z) = p}, 

W u (p; -V/ 7 ) := {z 6 5 1 I lim #(z) = p}. 
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3.3 Morse-Bott homology 



Then W u (max) = 5' 7 \{min}, W s (max) = {max}, ^"(min) = {min}, W(min) = 
5' 7 \{max}. 

It is shown in [[F) that for a generic choice of these Morse functions, all the maps ev are 
transverse to the unstable manifolds W u (p), p G crit(/ 7 ), all the maps ev are transverse 
to the stable manifolds W s (p), p G crit(/ 7 ), and all pairs 

(ev, ev) : M(S^, S^; H, J) — > S 7 x 5 7 , 

(ev, ev ) ; J^A. (5" 7 5 S 7l j H , J) cv x w M-iS^, S 7 ; H, J) — )■ 5* 7 x 

are transverse to products W u (p) x W s (q), p G crit(/ 7 ), q G crit(/ 7 ). We denote by 
jF reg (H, J) the set consisting of collections {/ 7 } of Morse functions which satisfy the 
above transversality conditions. 

Let now J G J reg {H) and {/ 7 } G jF reg (H, J). For p G crit(/ 7 ) we denote the Morse 
index by 

ind(p) := dimW u (p; -V/ 7 ). 
Let 7, 7 G V a (H) and p G crit(/ 7 ), q G crit(/ 7 ). For m > denote by 

M m {p,q; H, {f y }, J) 

the union for 71, ... , 7 m _i G V a (H) of the fiber products 

W^(p) x w (MiS^S^H, J) x 1R+) ^oevXev (M , S^; if , J) x K+) (3.2) 

° cv ■ ■ ■ ipj_ o ev Xw yVl (5' 7m _ 1 , iS-ji, if, J) cv x (5) . 
This is a smooth manifold of dimension 

dim M m (p, q] H, {/ 7 }, J) = (^(7) + ind(p)) - (^(7) + ind(g)) - 1 

= K%) - Kz) - L 

We denote 

M(p, q; H, {f y }, J) = |J M m (p, q; H, {/ 7 }, J) 

m>0 

and we call this the moduli space of Morse-Bott trajectories with cascades, whereas the 
space Ai m (p, q; H, {/ 7 }, J) is called the moduli space of trajectories with cascades with 
m sublevels. 
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Figure 3.1: Trajectory with cascades. 



The Morse-Bott differential and the Correspondence Theorem 

Let p G crit(/ 7 ), then 7 P G V(H$) for all 5 G ]0, So] if So is small enough. Consider 

M]o,6o[(%,yH,{f y }, J) := |J {5} x M{%,jjH s , J), 

0<5«5 



with 



where 



M7 P ) - M7j = 1 



— Q 



7,7er(ff), pecrit(/ T ), ? Gcrit(/ 7 ), J G J. 



Theorem 4. (Correspondence Theorem). Let H G Hg(G^), J G J reg (H) and {/ 7 } G 
J> e9 (i?, J). There exists 

5i :=£i(#,J) e]0,5 [ 
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3.3 Morse-Bott homology 



such that for any 

7,7eP a (#), pecrit(/ T ), gecrit(/ 2 ) 

with 

the following hold: 

(i) J is regular for Ai(j p , 7 ; H$, J) /or all 5 G]0, 

£/ie space -Mjo^-^Tp, 7^; -H", {fy}, J) ^ s a one- dimensional manifold having a finite 
number of components that are graphs over]0,6\[; 

(Hi) there is a bijective correspondence between points 

[u] e M(%,jjH,{f y },J) 

and connected components of .Mjo^i^Tp, 7 H, {fy}, J). 
For each [it] G M(p, q; H, {fy}, J), the sign eQw^]), defined in section |2.3.1| , is constant 



on the corresponding connected component C[ u ] for continuity reasons. We define a 
sign e([u]) by 

e(M) := e(M, 5 e}0,S 1 [, (5, [«,]) G C [u] . (3.3) 
We define the Morse-Bott differential 

by 

d lp := E ^X,' P ecrit (A)- (3-4) 

y£V a (H), 9 6crit(/ z ), [u]eM(7 P1 7,;^,{/7}»J) 
M7p)-m(7<j)=1 

For 5 sufficiently small, the definitions imply an isomorphism of free modules 

CF:(H s] F p ) ~ ^(F; F p ). (3.5) 

Moreover the Correspondence Theorem and definition ( |3.3|) of signs in the Morse-Bott 
complex implies that the corresponding differentials also coincide. As a consequence, 
it holds that 

H*(BCZ(H;F p ),d) = HF:(H s ,3). 



Chapter 4 



Proofs of theorem A and theorem B 



4.1 Proof of theorem A 

Theorem A. Let M be a closed, connected, orientable, smooth manifold and let E C 
T*M be a fiberwise starshaped hypersurface. Let ipn be the Reeb flow on S ; and let Nr, 



tir, E(M) and e(M) be defined as in section \1 . 1\ . Then 

(i) N R > E(M); 
(ii) n R > e(M) - 1. 

Proof. The starting point of the proof is the crude estimate 

^dim ifc # fc (A a ;F p ) > dim^o(A a ;F p ). 

fc>0 

Denote by C(M) the set of conjugacy classes in 7Ti(M). Then 

AM = ]J A » M - 

aeC(M) 

For each element a G C(M) denote by e(a) the infimum of the energy of a closed curve 
representing a. Consider the energy sublevels 

C a (M) := {a e C(M) | e(a) < a} . 

Then 

dimL H (A a ;W p ) = #C a (M). 
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4.1 Proof of theorem A 



Consider the Hamiltonian function F : T*M — > IR defined by 

F| s = 1, F(q, sp) = s 2 F{q,p), s > and (q,p) G T*M. 



Use the cut-off function / : IR — > IR defined in section gj] to obtain the smooth function 
foF. 

Fix nGN. Choose a sequence of perturbations 

(V n ,i(t,q)) len 

such that all 1-periodic solutions of x(t) = X n if p\+v n l are nondegenerate, for all I G N, 
and 

||K,z(£,<?)||c°° -> for Z ->■ oo. 

In order to apply the results of chapter ^| we can, without loss of generality, suppose 
that (jOllc 1 =: Q < c < I for all / G N, where c is the constant defined in section 



(4-1) 



2J]. In the following, we will use the notation 

F n .i := n(f o F) + V n j. 
For each / G N and an action level a n j > n — 2q, we estimate 

#P an ' l (Fn,i) = dimCF: n ' l (F n>l ;¥ p ) 

> dim HF: n ' l (F nX ,W p ) 

> dimL H (A na "- l ;W p ) 
= #C na «' ! (M), 

where the second inequality follows from Theorem ^. Moreover, if a G C nan ' l (M), then 
the set 

V a ^{F n>l ;a) := {x = G P a -'(F nj/ ) | g G a} 

is not empty. This follows from the Abbondandolo-Schwarz chain isomorphisms 

CF^ l (G+;¥ p ) CM^ l (L;¥ p ) 
between the Floer and the Morse chain complexes. 

Fix a n such that a n G [a nt i,n + 1] for all I G N, and fix a non-zero conjugacy class 
a G C na "(M). Consider a sequence (a;/)/gN such that x/ G V a ™' 1 (F n j; a) . By Proposi- 
tion gxg , 

x z C £>(£) for all / G N. 



Proofs of theorem A and theorem B 
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The set £>(£) is compact. Since V^j -> in C°°, X Fn l ->■ X Fn in C°° on £>(E). By 
the Ascoli-Arzela theorem, there exists a subsequence x\. of X; such that x\. — >■ x as 
j — 7- oo, with convergence in C°. Then, by making use of the Hamilton equation 

x h {t) = X Fnh (x h {t)), 

we obtain xi. — > x when j — oo in C°°, and x G V an (F n ). Since [rcj.] = c for all Zj and 
Xu — > x, we see that [x] = a. Hence 

x e V an {F n ; a) and x G 

We have thus shown that 

#V an (nF) > #C nan (M) - 1 
as a is a non-trivial conjugacy class. 

For a closed orbit 7, denote by 7 fc its fcth iterate 7 fc (t) = l{kt). The iterates of a closed 
orbit are geometrically the same. We want to control the contribution of the iterates 
of a closed orbit to V a "(nF). We are considering orbits with action AnF^) < a n , so 
there are finitely many of them. There exists a lower bound a > of the action of these 
closed orbits. We have 

A nF (-f k ) = ka. 

Hence at most a n /a iterates of such orbits will have action < a n . Notice that if we 
increase the action level, a will still be a lower bound. 

Denote by V(nF) the set of geometrically different closed 1-periodic orbits. Then 

#V a "(nF) > — #C nan {M) - 1 



which implies the estimates (z) and (ii) of Theorem A. 



□ 
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4.2 Proof of theorem B 



4.2 Proof of theorem B 

Theorem B. Let M be a closed, connected, orientable smooth manifold and let £ C 
T*M be a generic fiberwise starshaped hypersurface. Let (p^ be the Reeb flow on E, and 
let Nr, hr, C(M,g) and c(M,g) be defined as in section [7T1| . Then 

(i) N R >C(M,g). 

(ii) n R >c(M,g)-l. 

Relevant Hamiltonians 

Let E C T*M be a fiberwise starshaped hypersurface, generic in the sense of (A), i.e. 
all closed Reeb orbits of £ are of Morse-Bott type. 

Consider the Hamiltonian function F : T*M — > 1R defined by 

F| s = 1, F(q, sp) = s 2 F(q,p), s > and (q,p) e T*M. 

Use the cut-off function / : IR — > IR defined in section [2.1| to obtain the smooth func- 
tion / o F. 

The Hamiltonian vectore field Xp is a nonvanishing smooth vector field on £ which is 
compact. Thus there exists r > such that every closed orbit x of Xp restricted to S 
has period at least r. Consider a T-periodic orbit x(t) = (q(t),p(t)) on S and define 
for s > 

%s(t) := (q(st),sp(st)), 

then x s is a periodic orbit of Xp of period — . Moreover all the nonconstant periodic 
orbits of Xp are of this form. Recall the definition of the cut-off function / : IR — > IR, 

7(r) = ifr<e 2 , 

f(r) = r if r > e 

f'(r) > if r > e 2 , 

0<f'(r)<2 for all r, 

and choose e such that e < Then the closed orbits x of Xj Q p with foF(x) > e agree 
with those of Xp, while the nonconstant periodic orbits x of Xf a p with / o F(x) < s 
have period at least 

1 T 



Proofs of theorem A and theorem B 
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Hence the elements of V(f o F) are the same as the elements of V{F). 

Fix n G N. In order to apply the results of chapter ^| and chapter |3|, we need to de- 
termine a suitable perturbation V n of n(f of). It will be the sum of a pertubation 

o 

hnj following section |3.2| with support in T*M\D(e — d) and a positive Morse function 
U : T*M -> IR with support in L>(£: 2 + d), where d < ^=f-. 

By the assumption of genericity, all the nonconstant elements of V(n(f o F)) are 
transversally nondegenerate. Thus every nonconstant orbit 7 G V(n(f o F)) gives 
rise to a whole circle of nonconstant 1-periodic orbits of X n ^ p^ whose parametriza- 
tions differ by a shift t G S . We can thus apply the construction of the perturbation 
described in section |3.2| and consider the perturbed Hamiltonian 



Fn,s& Q,P) ■= n (f F(q,p)) + 5p(^(g,p))/ 7 (^i(g,p) - l 7 t). 
We will denote the perturbation added to n(foF) by h nj $ and assume that the support 

2 

of h Ut s is contained in T*M\D{e — d), where d < 

Recall that this perturbation destroys the critical circles and gives rise to two solutions 
of x = X FnS (t,x), namely 7 min (t) and 7 max (t). 

Let U : T*M — > IR be a positive Morse function with support in D(e 2 + d). We define 
the perturbation V n : S l x T*M -»■ IR by 

V n (t,q,p) = h nt5 (t,q,p) + U(q,p). (4.2) 

Without loss of generality, we can choose 8 and {/ so that 

\\V n (t,q,p)\\ c i < c < - 



where c is the constant defined in section |271 . 

The 1-periodic orbits of X n ^ oF ^ +Vn fall in two classes: 

i. critical points of n(f o F) + U in D(e 2 + d), 

o 

ii. nonconstant 1-periodic orbits of n(f o F) + /i n ( 5 in T*M\D(e — d). 
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4.2 Proof of theorem B 



Set 



Gn(t,q,p) 
G-(t,q,p) 



na(foG)(q,p) + W n (t,q) + U(q,p), 

(1 - r n (\p\) (n(f o F) + V n ) (t, q,p) + r n (\p\) G+(t, q,p), 

(1 - r n (\p\) (n(f o G) + W n ) (t, q,p) + U(q,p) + r n (\p\) G+(t, q,p) 

n((l - r n (b|)(/ o G)(q,p) + r„(|p|) crG( g ,p)) + W n (t, q) + C/( g ,p), 



where r and are defined as in section 2.1. Moreover we assume that 



(Bl) e 2 < y , where r is the minimal period of closed orbits of X F , X G and X aG 
restricted to S. 

(B2) f'(e -d)>\. 

(B3) W n as support in T*M\D(e - d). 
(B4) c n <l{e-df. 

Assumptions (Bl) and (B3) imply that the 1-periodic orbits of X G + fall in two classes: 

i. critical points of na(f o G) + U in D (e 2 + d) , 

o 

ii. nonconstant 1-periodic orbits of na(f o G) + W n in T*M\D(e — d) 

and similarly for G~. Assumptions (B2) and (B4) will be used in the next section. 

The Non-crossing Lemma 



Following section [2.2. 1| , for s G [0, 1] define the functions 

G^ = (l-l3(s))G- + l3(8)Gii (4.3) 

and 

a 

a[s) 



l + /3(a)(<7-l) 
where a G ]n — 2c, (n + 1) — 2c[. 

Lemma 4.2.1. // [a - c„, a + c n ] n 5(G~) = 0, tfien a(s) ^ 5(G ?tjS ) /or s G [0, 1]. 

Moreover ^ 5(G niS ) for s G [0, 1]. 
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Proof. Take 7 = (q(t),p(t)) G V(G n>s ). 

Assume first that |p(£o)| > 3 for some t G S 1 , then U(j) = 0. Then the statement 
follows from the proof of Lemma [2.2.3| . 

Assume next that 7 G D(3)\D(e-d). Then ^(7) = and r n (|p(*)|) = for all t G [0, 1], 
which yields G~(y) = n(f o G)(j) + W n {i) and 

G n M = n(l - p(s)) (f o G) (7) + n/3(s)a(f o G)( 7 ) + W n {-y) 
= n(((l - /3(a)) + /3( S )a)/o)G( 7 ) + WJn). 

Hence the first part of the statement follows from the proof of Lemma |2.2.3|. We need 



to show that Ac n s (7) 7^ 0. By Lemma 2.2.2| (i) we have 



A Gn M = J 2n(((l-/3(s)) + /3(s)a)f(G( 1 )))G( 1 )-G n , s ( 1 )dt. 
Together with f'(e — d) > | and the choice of c n we obtain that 

Ag^{i) > / (2n/'(e - d) - n)G(j) - W n (i)) dt 
Jo 

/ ^(e - df - cndt 
Jo * 



> 

> 0. 



Assume finally that 7 lies in D(e — d). Then 7 (t) = 7(0) is a constant orbit, W n {pj) = 0, 
r( 7 ) = and £%) > 0. Thus 



A Gn ,M= / -n((l-/3( a )) + /3( a ) ff ) /(C?( 7 )) - 17(7) * 
< -C/( 7 ) < 0. 

This conclude the proof of the lemma. □ 
Floer homology groups 

For H G Hq(G+) and a < (n + 1) - 2c we define 

7?(o,«](^ := { x e p(H) I < A H (x) <a} = V a (H)\V°(H). 

Suppose that 0, a ^ <S(H) and every 1-periodic orbits x G V^°' a ^(H) is nondegenerate. 
The Floer chain group Civ (if;F p ) is defined as the quotient 

CF(°> a \H;W p ) := CF?(H; W P )/CF?(H; ¥ p ). 
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4.2 Proof of theorem B 



It is usefull to think of this chain complex as the F p -vector space freely generated by 
the elements of p(°' a l (if) graded by the Maslov index. By Lemma 2.3.2| the subcomplex 
CF®(H; Fp) is invariant under the boundary operator defined in section [2.3. 1| . We thus 
get an induced boundary operator on the quotient. We denote the k th Floer homology 
group of the quotient complex by 



HF^{H;¥ r 



ker<9 fc (J) : CF k (0 ' ai (H; F p ) -)• CF^(H)W 



(0,o] 



imd fe+1 (J) : CFgg(H;W p ) -> CFj^{H;¥ : 



(0,a] 



Continuation homomorphisms 

Let a n be the action level ( |2.12| ) of section (2.4.1 



Proposition 4.2.1. dim HF^' an] (K n ) > rank ^(t) : HF^' an/a] (G+) -> HF^ an] {G+) 



Proof. In view of the Non-crossing Lemma 4.2.1 , the isomomorphism $ G + G - : HF£ n (G n ) — > 
HF* n ^ a (Gn) of section |2.4.1| induces an isomorphism 



HFj°' a -\G~) -> HF^ an ' a \G; r 



Recalling the proof of Proposition |2.4.1| , we thus have for each k a commutative diagram 
of homomorphisms 



HF, 



(0,a n /a]f r , + 



HF^\G- 





(4.4) 



HF h (L n ) 



HFf™(K n ) 



HF^ an] (G] 




Moreover $ G + G - is an isomorphism. This concludes the proof of the proposition. □ 
To the homology of the free loop space 

Proposition 4.2.2. Let (M,g) be a closed, orientable Riemannian manifold and K n 
be as above. It holds that for k > 1 



dim HFjf' ani (K n , F p ) > rank t k H k (A na - ; F p 
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Proof. Let L : S 1 x TM — > IR be the Legendre transform of G„, let 

E L {q) := / L(t,q(t),q(t))dt 
Jo 

be the corresponding functional on AM, and let 

A? 61 := A^\A° L , AS, := {<? G AM | £ L ( g ) < 6}. 

Recall that both the Abbondandolo-Schwarz isomorphism, [Q, and Abbondandolo- 
Mayer isomorphism, |l] , are chain complex isomorphisms. Following the proof of Propo- 
sition |2.4.2| , we have for each k a commutative diagram of homomorphisms 

HF jfi,*«M( G +. Fp ) H k (A^ na ^;¥ p ) 



HF k {i) 



H k {i) 



HFr n \Gi;¥ p ) 



H k (A^ naa ^;¥ p ) 



where the horizontal maps are isomorphisms and the right map H k (t) is induced by the 
inclusion A^ na ^ ^ ^°' naan l 

By definition A is the set of constant loops. Hence every critical point q G A of S has 
Morse index zero. This yields for k > 1 

H k (A^;¥ p ) = H k (A b ;¥ p ). 

Consider now the commutative diagram 



H k (A™»-W p 



H k (A naa ™-¥, 




(4.5) 



H k (AM-¥ v 



induced by the inclusion A na " C A naCLn C AM. Together with Proposition |4.2.1| this 
yields for k > 1 

dim HF^ an] {K n] ¥ p ) > rank (t k : H k (A™»; ¥ p ) -»■ H k (AM; ¥ p )) , 
which concludes the proof of Proposition [4.2.2| . □ 



We can now proove Theorem B. 
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4.2 Proof of theorem B 



Proof. Let X C T*M be a fiberwise starshaped hypersurface, generic in the sense of (A), 
i.e. all closed Reeb orbits of £ are of Morse-Bott type. 



Consider the Hamiltonian function F : T*M — > 1R defined by 

F| s = 1, F(q, sp) = s 2 F{q,p), s > and (q,p) G T*M. 

We use the cut-off function / : IR — > IR and the positive Morse function U defined 
previously to obtain the smooth function / o F + U. 



By the assumption of genericity, we can consider the perturbed Hamiltonian 

F ni5 (t,q,p) :=n(foF(q,p)) + V n , 

where V n is given by ( |4.2| ), i.e. the sum of the Morse-Bott pertubation h n s and the 
Morse function U. Without loss of generality, we can choose S and U so that 

\\V n (t,q,p)\\ci < c < -, 

where c is the constant defined in section |2.1| and such that the isomorphism ( |3.5| ) 
between the Morse-Bott complex BC* ' an \n(f o F) + U;W P ) and the Floer complex 
CF^ an] (F n , s ;W p ) holds. 



For an action level a n > n — 2c we have that 

#p(o,an] F ) + [/) = dim 5c(o,«-,] ( n (j o F) + [/; F p ) 

= idimCFi ^(F n , 5 ;F p ) 
> idim^Fi ' a "](F„ i(5 ;F p ). 



(4.6) 



Together with Proposition [4.2.2| this yields 

#p ((W] (n(/ Q F) + ^ > 1 ^ rank(ifc . H k (A nan ;¥ p ) iJ fc (AM; F p )). 



fc>i 



Suppose (M, p) is energy hyperbolic, h := C(M, g) > 0. By definition of C(M, g), there 
exist p 6 P and iVoGN such that for all n > N , 



k>0 
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Therefore there exists N G N such that for all n > N, 

rank i k > e hn - m, 



k>l 



where m is the dimension of the base space M. Together with Prop osit ion |2 . 4 . 2| we find 
that 

^rank#F fc (i) > ^ranki fc > e hn 



m. 

k>l k>l 



Similarly, if c(M, g) > we find that there exists p G P and N G N such that for all 
n > N, 



y^rank HF^i) > rank > 

k>l k>l 



n c(M,g) _ m _ 



We again need to take care of the iterates 7 fc of an element 7 G V^ An \n(f o F) + U). 
Let a > be the minimal action of the elements of V^°' a "^(n(f o F) + U) . We have 

A n (foF)+v(l k ) > Sa- 
lience at most a n /a iterates of such orbits will have action less or equal to a n . 

Denote by V an (nF) the set of geometrically different, non-constant, closed 1-periodic 
orbits of X n p. We get for an energy hyperbolic manifold 

#V a "(nF) > —( e c{M > 9)a "-m), 



and if c(M, g) > 

which yields Theorem B in view of the definitions. □ 



4.2.1 The simply connected case: generalizing Ballmann— Ziller 

In fH, Ballmann and Ziller proved that the number of closed geodesies of any bumpy 
Riemannian metric on a compact, simply connected manifold M grows like the maximal 
Betti number of the free loop space. In this section, we will prove a similar result for 
the number of closed Reeb orbits on S. 



Let AM be the free loop space of M and denote by A a the sublevel set of closed loops 
of energy < a. Denote by 6* (AM) the rank of H^AM; ¥ p ). 
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4.2 Proof of theorem B 



Theorem C. Suppose that M is a compact and simply connected m- dimensional man- 
ifold. Let X be a generic fiberwise starshaped hypersurface ofT*M and R its associated 
Reeb vector field. Then there exist constants a = a(R) > and f3 = (3(R) > such 
that 

#O r (t) > a max 6; (AM) 

l<i</3r 

for all r sufficiently large. 

Proof. Recall the following result of Gromov 

Theorem 5. (Gromov). There exists a constant k = n(g) > 0, such that Hi(A Kt2 ; F p ) — > 
Hi(AM; F p ) is surjective for i < t. 

A proof can be found in Appendix |C[ Renormalize g as in section [2.1|, i.e. such that 
S C {G _1 (l)} where G(q,p) := \g*{a){p,p)- Then there exists := (3(R) such that 
h{A n2 ) = rank#;(A n2 ;F p ) > h(AM) for i < fin. 

Let H : T*M — > 1R be a fiberwise homogeneous Hamiltonian of degree 2 such that 
H\y, = 1. Consider its Morse-Bott perturbation Hs- Denote by bi(nH) the rank of 
HF^ n] {nH 5 ;¥ p ). We already proved that 

4V^ n \nH) = ^dimCF^ n \nH 5 ;¥ p ). 

For a non-constant closed orbit 7, denote by 7 fc its kth iterate 7 fc (t) = 7(H). The 
iterates of a closed 1-periodic orbit give rise to different critical circles of A n u of index 
% or % — 1. Following || we are going to control the contribution of a closed 1-periodic 
orbit and its iterates to biinH). 

By construction of CFi°' n \nHs;¥ p ), a non-constant element 7 G V^°' n ^(nH) gives rise 
to two generators 7 min and 7 max with their Maslov index related in the following way 

/i(7min) = M7) - 2 

and 

M7max) = M7) + 2" 

Moreover, by construction of 7 m i n , 

(7min) fc W = 7min(H) = 7 (fct + tj) = ^ (t + ^) = ^minO), 



and similarly (7 max ) fc = (7*) 
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The index iteration formula of Salamon and Zehnder, see Lemma |1.3.1| , implies the 
following 

Lemma 4.2.2. Let 7 be a nondegenerate closed orbit. Then there exist constants a 7 
and such that 

ka-y - 1 < /i(7 fc ) < /ca 7 + /3 7 . (4.7) 
Moreover, |/3 7 | < m := dimM. 

Notice that if a 7 = 0, then |/i(7)| < m. We consider three cases 

1. Assume first that A n ii{l) < 6m/fi(R). There exist only finitely many such closed 
orbits. Let a > be a lower bound of the average index a 7 of the closed orbits 7 for 
which a 7 > 0. Using ( }4.7|) we get 

/i(7 fc+i ) - /i(7 fc ) > Za 7 - 2/3 7 > la - 2m. 

Hence /i(7 fc+ ') > yu(7 fc ), if / > 2m/ a. Therefore at most Ni := 4m /a iterates of 7 can 
have index i or i — 1 for i > m. 

2. Assume next that A n H{l) > 6m//3(R) and /i(7) > m. In view of ( |4.7| ) we have 
a 7 > 1. Thus 

/i(7 fc+ *) - /i(7 fc ) > /a 7 - 2/3 7 > Z - 2m. 
Hence at most N2 '■— ^m iterates of 7 can have index % or % — 1. 

3. Finally assume that *4. n #(7) > 6m/f3(R) and /i(7) < m. In view of ( f4.7| ) and 
^(7) < m we have a 7 < 2m. This and again ( [4.7| ) yields 

/i(7 fc ) < fca 7 + /3 7 < fc(2m) + m < 3km for k > 1. (4.8) 

If > f3(R)n/6m, then, using the assumption v4 n n(7) > 6m/(3(R), 

A nH {l k ) = kA nH {l) > k&m/P(R) > n. 

Recall now that we are counting only closed orbit below the action level n. Hence 
k < /3(R)n/6m, and then with (WM, 



/i(7 fc ) < 3km < 0(R)n/2 for k > 1. 

Therefore at most N$ := 2 iterates of 7 can have index i or z — 1 of action A n uid) < u 
if f > 0{R)n/2. 
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4.2 Proof of theorem B 



We obtain that for n large enough there exists a constant Nq := max{iVi, N%, N3}, such 
that at most N iterates of any 7 e V^°' n ^(nH) will give rise to generators of index i or 
i — 1, for i > (3(R)n/2. Summarizing, if we denote by V n (nH) the set of geometrically 
different, non-constant, closed 1-periodic orbits, we get 

#V n (nH) > - max h A^l m (4.9) 



In view of Proposition [4.2.2| and Gromov's result, we thus have 

#0 R (n) > a(R) max bAAM). 

/3n/2<i</3n 

Since #0 R (n) > #0 R {n/2) we get 

#0 R {n) > a(R) max h(AM). 

l<i</3n 



□ 



Chapter 5 



Evaluation 



In this chapter we evaluate the results of the previous chapter on the examples intro- 
duced in section [1.1.31 

5.1 Lie groups 

Let M be a Lie group. As its fundamental group is abelian, the free loop space AM 
admits the decomposition 

AM = ]J A « M - 

a67ri(M) 

Moreover, all the components A c of the free loop space are homotopy equivalent. 

Proposition 5.1.1. Let M be a closed, connected, Lie group and let £ C T*M be a 

generic, fiberwise starshaped hypersurface. Let (f R be the Reeb flow on E, and let Nr, 
n R, Ci(M,g) and c\(M,g) be defined as in section Then 

(i) N R >E(M)+C 1 (M J g) 

(ii) n R > e(m) +d(M,g) - 1. 

Proof. For c G iTi(M) let e(c) be the infimum of the energy of a closed curve represent- 
ing c. Then 

C a = {ce tti(M) | e(c) < a}. (5.1) 
Moreover, recalling the argument in section |1.1.3| on Lie groups, we have that 

dim tfc # fc (A?;F p ) < dim L k H k (A 2 c a+2e ^; F p ), (5.2) 
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5.2 iri(M) finite: the case of the sphere 



where A" = Aj fl A a is the sublevel set of loops in the component Aj of energy < a. 
Using the notation from the proof of Theorem B, it holds that 

#V 2n \F) > l^dim^(A 2 " 2 ;F p ) 

k>l 

= ^E( E dim^ fc (A c 2 " 2 ;F p )). 

k>l ceTri(G) 

Hence by Q and flOD 

^E( E dim^ fc (Af^;F p )) 

fc>l ceTTl(M) 

>^E(E dim ^( A i"V P )) 

fc>i ceC" 

> l -W\M) • ^dim^ fc (Af n2 ;F p ). 

fc>i 

Arguing as in the proof of Theorem B, the Proposition follows in view of the definitions. 

□ 



5.2 7Ti(M) finite: the case of the sphere 

In this section we will show that the product of two spheres S l x 5"™ has c(M,g) > 2, 
so that ur > 1.. Our main tool will be the cohomology classes of the free loop space 
discovered by Svarc and Sullivan as an application of Sullivan's theory of minimal mod- 
els, see |f44] , [43|| . We begin by recalling some basics properties of the minimal model 
following [ETA and [O. 



The minimal model Mm for the rational homotopy type of a simply connected countable 
CW complex M is a differential graded algebra over (Q with product denoted by A, 
having the following properties: 

i. Mm is free-commutative, i.e. is free as an algebra except for the relations imposed 
by the associativity and graded commutativity. The vector space spanned by the 
generators of any given degree k is finite; its dual is isomorphic to iik(M) 

ii. the differential d applied to any generator is either zero, or raises the degree by 
one and is a polynomial in generators of strictly lower degree; 
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iii. H*(Mm;<$) = H*(M;<SI) 

The rational cohomology of the sphere S n is an exterior algebra on one generator in 
degree n. A minimal model for S n is given by 

x, 0) with \x\ = n 

when n is odd, and 

x, y), d) with \x\ = n, \y\ = 2n — 1, dx = and dy = x 2 

when n is even, see ||l~3| , Example 2.43]. 

Given Mm, & minimal model Mam f° r the free loop space AM can be constructed as 
follows. Each generator x of Mm is a ls° & generator of A^aa/ with the same differen- 
tial. The remaining generators are obtained by associating to each generator x of Mm 
a generator x for Mam of one degree less. In order to define their differential, extend 
to all of M derivation acting from the right. Then define dx := — dx. 

A minimal model for the free loop space of the sphere AS n is given by 

x, x) , 0) with \x\ — n and \x\ = n — 1 

when n is odd and 

_ \x\ = n, \y\ — 2n — 1, \x\ = n — 1, ||/| = 2n — 2, 

x,y,x,y),d) with 

dx = 0, dy = x , dx = and = — 2xx 
when n is even. 






n odd 

When n > 3 is odd, the rational cohomology of AS n has one generator in each degree 

k(n - 1) and k(n - 1) + 1, for fcGN. 
Ideed, x k = for k > 2. For example when n = 5 

i 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 



MAS 5 ) 



10001100110 1 1 00 
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5.2 iri(M) finite: the case of the sphere 



k 



n — 1 



This yields 

J>(A£")>2 

i=l 

Consider Gromov's constant k := n(g), see Appendix [CJ Then it holds that 

dim^iJ^A"' 2 ) = bj(AS n ) for j < t. 

This yields 



lim - dim LjHAA 

3>l 



ret \ > 



n even 

When n is even, the Sullivan cohomology classes are given by 

w*(s) := xy s , SEN. 

For every s£N, its differential is zero and it is not a boundary since dA4.?ys n is contained 
in the ideal generated by the subalgebra Ais n C M.hs n - The rational cohomology of 
AS*" has then one generator in each degree 



\w*(s)\ = (1 + 2s)(n- 1) for s G N. 



This yields 



k 



> 



And it holds that 



2(n - 1 

lim - dimi k H k (A Kt2 ) = — — ^ — -. 
i^cot^ k ky 1 2(n-l) 
k>i K ' 

Product of spheres S l x S n 

Consider the product of two spheres S l x S n of dimensions l,n > 2. 

Lemma 5.2.1. There exists a constant a := a(l,n) > depending on I and n such 
that 



x S 1 )) >ak 2 



i=l 
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Recall that for smooth manifolds M and N, 

A(M x N) = AM x AN. 
The Kiinneth formula tells us that 

b t (A(S l x S n )) = bj(AS l ) ■ b k (AS n ) 

j+k=i 

If / and n are odd, we have that 

'bj(AS l )-b k (AS n )^0, 











[i = j H 
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This yields 
Thus 



&i(A(S' x S 11 )) > s ifi = s(Z-l)(ra-l). 



i=i 



(/- i) 2 (n- iy 



Arguing similarly when I or n is even, we obtain the lemma. 

Again, using Gromov's work, we obtain 

c(M, g) = lim sup 1 log V dim t k H k (A Kt2 ) > 2. 

t^co log(V2Kt) g 

This yields 

> 1- 

Similarly, if M = S ni x . . . x S nk is a product of k spheres of dimensions rij > 2, then 

nn > k — 1. 
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5.3 Negative curvature 



5.3 Negative curvature 

Proposition 5.3.1. Let M be a closed connected orientable manifold endowed with a 
metric of negative curvature and let E C T*M be a fiberwise starshaped hyper surf ace. 
Let (ffj be the Reeb flow on E ; and let Nr be defined as in section [777]. Then 

N R > hto P (g) > 

where ht op {g) denotes the topological entropy of the geodesic flow. 

Suppose that M possesses a Riemannian metric with negative curvature. Then by 
Proposition |1.1.2| , it holds that 

AM ~ M \\ S 1 . 

C{M) 

Since all Morse indices vanish, 

^dim# fc (A a M;F p ) = dim# (A a M; F p ). 

fc>0 

Moreover the generators appearing while increasing the energy will not kill the previous 
ones. Hence for c > 1 the map 

H (l) : H (A a M; F p ) -)• H (AM;¥ p ) 

is injective. Using the notation from the proof of Theorem A, this yields 

#V an (nF) > #C na "{M). 

Recalling the argument in section |1.1.3| , we have that 

phto P {g)\/2nan 

#V°~{nF) > 

2\/ 2na n 

where h top (g) denotes the topological entropy of the geodesic flow. The proof of the 
Proposition follows in view of the definitions. 



Appendix A 



Convexity 



In this chapter we follow the work of Biran, Polterovich and Salomon (see Q) and 



Frauenfelder and Schlenk (see |2T]|) in order to introduce useful tools for the compact- 



ness of moduli spaces introduced in section 2.3.1 



Consider a 2n-dimensional compact symplectic manifold (N, uj) with non empty bound- 
ary dN. The boundary dN is said to be convex if there exists a Liouville vector field Y 
i.e. LybJ = diybj = u, which is defined near dN and is everywhere transverse to dN, 
pointing outwards. 



Definition A. 0.1. (cf Jl2|) (i) A compact symplectic manifold (N,u) is convex if it 
has non-empty convex boundary. 

(ii) A non-compact symplectic manifold (N,oj)is convex, if there exists an increasing 
sequence of compact, convex submanifolds N G N exhausting N, that is 

Ni G N 2 C . . . C N, C . . . C iV and (J Ni = N. 

i 

Cotangent bundles over a smooth manifold M are examples of exact convex symplectic 
manifolds. In fact, the r-disc bundle D(r) 

D(r) = {(q,p) E T*M | |p| < r} 

is a compact, convex submanifold and T*M = Uk£?qD(k). 



Let (N,lu) be a compact, convex symplectic manifold and denote N = N\dN. Choose 
a smooth vector field Y and a neighborhood U of dN such that LyUJ = uj on U. Denote 
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A 



by the flow of Y, suppose that U = {^{x) G dN | —e < t < 0}, and denote by 
£ := ker(i(Y)u)\ Td jj the contact structure on the boundary determined by Y and u. 
Then there exists an w-compatible almost complex structure J on N such that 

J£ = £, (A.l) 



u)(Y{x), J(x)Y(x)) = 1, for x G dN and (A.2) 

D(p t (x)J{x) = JV (x))ZV(x), for x G ON and t G (-£, 0]. (A.3) 

Such an almost complex structure is called convex near the boundary. We recall that 
an almost complex structure J on N is called w-compatible if 

{;■)= gj{.,.):=uj{;J-) 

defines a Riemannian metric on N . 

Consider the function / : U — > JR given by 

/(¥>'(*)) == e', 

for x G 9A and t G (— e, 0]. Since = w on (/, we have (y?')*u; = e*u; on U for all 
t G (-6,0}. Hence, flOfr and (|OD yield 



(Y(v), Y(v)) = f(v), for v G Z7. (A.4) 



Together with (|A.1|) this implies that 

V/(u) = y(u), v E U (A.5) 

where V is the gradient with respect to the metric (•, •). With these properties, we can 
now give the following theorem due to Viterbo, (see ) . 

Theorem 6. For h G C°°(IR) define H G C°°(U) by 

H(v) = h(f(v)), forveU 

Let Q be a domain in C and let J G T(N x Q, End(TA)) be a smooth section such that 
Jz '■= J{'i z) is an u- compatible convex almost complex structure. If u G C°°(f2, U) is a 
solution of Floer's equation 

d z u(z) + J(u(z),z)d t u(z) = VH(u(z)), z = s + it e Q, (A.6) 



Convexity 



71 



then 

V(/(«)) = (d s (u), d s (u)} + &"(/(«)) • d s (f(u)) ■ f(u). (A.7) 

Proo/. We abbreviate d c (f(u)) := d(f(u)) o i = d t (f(u))ds - d s (f(u))dt. Then 

-dd c {f{u)) = V(f(u))dsAdt. (A.8) 

In view of the identities (|A.4j) , (|A.5|) and (|A.6|) we compute 

-dd c (f(u)) = - (df(u))d s u) ds + (df(u)d s u) dt 

= — (df(u) (J(u, z)d t uj) dt — (df(u) (J(u, z)d s u)) ds 

+ (df(u) (d s u + J(w, z)dtii)) + (df(u) (J(u, z)d s u — d t u)) ds 
= uj (Y(u), d t u) dt + co (Y(u), d s u) ds 

+ (V/(u), V#(u)) + (V/(u), J(u, z)VH(u)) ds 

= u*l y u + (y(u), /i'(/(M))y(«)) dt + o 

= u*L Y uj + h!{f{u))f{u) dt. 

As diyw = £yw = wwe obtain with ( |A.6|) that 

du* Lyu = u*u = u (d s u, J(u, z)d s u — J(u, z)VH(u)) ds A dt 
= Ud s u, d s u) — dH{u)d s u) ds A dt 
= ((d s u,d s u)-d s (h(f(u))))dsAdt. 

Together with the previous equality it follows that 

-dd c U\u)) = ((d s u, d s u) - d s {h{f{u))) + d s (h'(f(u))f(u))) ds A dt 
= ({d s u, d s u) + h"(f(u)) ■ d s f(u) ■ /(«)) ds A dt, 

and hence ( |A.8| ) yields the statement of the theorem. □ 

Remark 3. (Time dependent Hamiltonian) . Repeating the calculation in the proof of 
Theorem ^, one shows the following more general result. Let h E C°°(1R 2 , H) and define 
H E C°°(U x IR) by 

H(v,s) = h(f(v),s), vEU,sE'SR. 

If Q is a domain in C and if u E C°°(Jl, U) is a solution of the time-dependent Floer 
equation 

d s u(z) + J(u(z),z)d t u(z) = VH(u(z),s), z = s + itEVt, (A. 9) 

then 

V/(«) = (d s u, d s u) + dlh(f(u), s) ■ dj(u) ■ f(u) + d 1 d 2 h(f(u), s) ■ f(u). (A.10) 
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Theorem |^ implies 

Corollary 3. (Maximum Principle). Assume that u G C°°(Jl,U) and that either u 
is a solution of Floer's equation ( |A.6| ) or u is a solution of the time- dependent Floer 
equation (|A.9|) and di&2h > 0. Then if f o u attains its maximum on Q, we have that 
f o u is constant. 

Proof. Assume that u solves equation ( |A.(j| ). We set 

b(z) :=-h"{f{u{z)))-f{u{z)). 

The operator L on C°°(Jl, H) defined by L(w) = Vw + b(z)d s w is uniformly elliptic on 
relatively compact domains in Q, and according to Theorem [| L(f o u) > 0. If / o u 
attains its maximum on Q, the strong Maximum Principle (see |22| , Theorem 3.5]) thus 
implies that / o u is constant. The other claim follows similarly from the second part 
of the strong Maximum Principle and Remark |3|. □ 



Appendix B 



Legendre transform 



Let M be a smooth closed manifold of dimension m. Let T*M be the corresponding 
cotangent bundle. We will denote local coordinates on M by q — (qi, . . . , q m ), and on 
T*M by x = (q,p) = (q u . . . , q m ,pi, . . . ,p m ). 

Consider a Hamiltonian H : S 1 x T*M — >• 1R such that 

det (%9p fc ) ^ °' 
We can introduce the variable v defined by 

The Legendre transform of if is given by the Lagrangian L : S 1 x TM — > JR, 

m 

L(t,q,v) := ^PjVj - H(t,q,p). 
i=i 

The Legendre transform (t,q,p) h- > (t,q,v) establishes a one-to-one correspondence 
between the solutions of the first order Hamiltonian system on T*M 

'4= w,«) 

p = -d q H(t,q,p) 
and the second order Lagrangian system on M 
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The set of 1-periodic solutions of the Euler- Lagrange equation ( |B.2|) is the set of critical 
points of the Lagrangian action functional £i : AM — > 1R given by 

£ L (q) := [ L(t,q(t),q(t))dt. 
Jo 

Consider the following Hamiltonian 



H(t,q,p)=^\p\ 2 + W(t,q). 



Then its Legendre transform is 

L(t,q,v) = ~\v\ 2 -W(t,q). 
Assume x(t) = (q(t),p(t)) G V(H). Then using Lemma [2.2.2| and ( B.l|) 

A H (x) = jy^\p(t)\ 2 -W(t,q(t))dt 

= f Q ~W)?-W{t,q{t))dt 

Thus Ah and Sl have the same critical values. We introduce the notation 

A a L := {q G AM | £ L (q) < a}. 

Lemma B.0.1. Let H = f3^\p\ 2 + W(t, q) with ||W||cri < c. Assume that [a — c,a + c] 
does not belong to the action spectrum of H. Then A a L retracts on A l3a . 

Proof. Let q G A^ a , then 

£ L (q) = J 1 ^ 1 -\q\ 2 -W(t,q)dt 



< a - [ W(t, q) dt 
Jo 



< a + c. 

Similarly if £(q) > (3a then £l{q) > a — c. Thus 

A a-c c A (3a c A a+c_ 

Now note that £^ is smooth on AM and satisfies the Palais-Smale condition, see [||. 
We can thus apply Lemma 2 of |23f which tells us that, as [a — c, a + c] does not contain 
any critical value of £l, A a ^ c and A^ +c are homotopy equivalent to A a L . □ 



Appendix C 



Gromov's theorem 



Let M be a compact simply connected manifold and consider its free loop space AM = 
W 1 ' 2 (S 1 , M). Let g be a Riemannian metric on M. Recall that the energy functional 
8:=£ g : AM ->■ 1R is defined by 

8{q) = \]\q{t)\ 2 dt 

where \q(t)\ = g g (t)(q(t), q(t)). The length functional £ := C g : AM — > IR is defined by 

C(q)= [ \q(t)\dt. 
Jo 

For a > we consider the sublevel sets 

A a := {q G AM | £{q) < a} 

and 

£ a := {q G AM | < a}. 

Theorem 7. (Gromov). Given a Riemannian metric g on M there exists a constant 
K = K,(g) > 0, such that Hj(A Kt2 ; ¥ p ) -} Hj(AM; F p ) is surjective for j < t. 

The proof of this theorem follows from the following lemmata. 

Lemma CO. 2. Given a Riemannian metric g on M there exists a constant k = n(g) > 
0, such that every element in Hj(AM;¥ p ) can be represented by a cycle in L R K 

Gromov's original proof of this result is very short. A detailed proof for the based loop 
space can be found in |33|], we will follow this work and the proof by Gromov in ||25|, 
Chapter 7A]. 
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Proof. Let {V Q } a( zi be a finite covering of M by geodesically convex open sets. Consider 
a triangulation T of M such that each closed simplex lies in one of the V a . We assume 
that the 1-skeleton of T consist of geodesic segments. For each p E M we define T(p) 
as the closed face of T of minimal dimension that contains p. For example, if p is a 
vertex then T(p) = {p}. We also define 0(p) as the union of all the maximal simplices 
of T that contain p. 



Given k E N, we define open subsets A& C AM as follow. A loop q belongs to A& if for 
each j — 1,2, ... , 2 k , 



Q 



2 k ' 2 fc 



C V n 



for some a E I and 



for the same a. 

Let Bk be the subset of loops 7 G A^ such that 7 is a broken geodesic and 7 restricted 
to each subinterval \{j — l)/2 k , j /2 k ] is a constant speed parametrized geodesic. Then 
each 7 G -Bfe determines a sequence 



fe = 7(j/2 fc )} 



with the following properties: 



(1) p = p 2 k ; 

(ii) 0(pj-i) U 0(pj) lies in a single for each j = 1, 2, . . . , 2 k . 

Conversely each sequence {pj} with properties (i) and (ii) determines a broken geodesic 
loop in Bk- Moreover this correspondence is bijective. This yields a cell decomposition 
on Bk as follow: a cell that contains 7 is given by 



T(pi) x T(p 2 ) x ... x T(p 



Hence B^ is a finite cell complex. Moreover, using the methods of Milnor in [ [32] , Section 
16], we have that Bk is a deformation retract of A&. 



Since M is simply connected, there exists a smooth map / : M — > M such that / 
collapses the 1-skeleton of T to a point and / is smoothly homotopic to the identity. 
This map / naturally induces a map / : AM — > AM. We need the following lemma. 
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Lemma CO. 3. There exist a constant k > such that for any integer k > 0, we have 

fii-skeleton of B k ) C C Ki 

for all i < dim.Bfc. 
Proof. Consider a cell 

C = T(pi) x T(p 2 ) x ... x T(p 2k ) 

of dimension i < dimBk- Take a path 7 C C, then 7 is a broken geodesic with each of 
its legs lying in one V a , at G J. Consider the following constants: 

K := max II d x f II 

d := max{g-diameter of V a } 

N(j) := #{legs of 7 ^ 1-skeleton}. 

Since / collapses the 1-skeleton of T to one point it holds that 

£(7(7)) <K-d-N{ 7 ). 

By assumption the 1-skeleton consists of geodesic segments, thus the legs of 7 from T(pj) 
to T(pj + i) belong to the 1-skeleton if 1 < j < 2 k — 1 and dimT(pj) = dimT^-^!) = 0. 
Equivalently, the only legs that do not belong to the 1-skeleton are the legs which begin 
or end in a T(pj) of nonzero dimension. Thus 

N(j) < 2i. 

If we set k = 2Kd we obtain 

£ (Hi)) < «i 

which concludes the proof of the lemma. □ 

We shall show that any 77 G if, (AM) can be represented by a cycle whose image lies in 
C Kl , where k is the constant given by Lemma |C.0.3| . Since / is a surjective map, / has 
degree one since it is homotopic to the identity, this implies Lemma C.0.2 . 

Observe that for all k G N 

Afc C A fe+ i 

and 

00 

AM = |J A fc . 
k=i 
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Since / is nomotopic to the identity, there exists \x G ifj(AM) such that = f]. Let 

C be a cycle that represents \x. Then its image will lie in for some k. Retract A^ onto 
.Bfc. Then we can move C by a homotopy into the 2-skeleton of B^. By Lemma |C.0.3| / 



maps all points of the i-skeleton of to points in C Kt and in particular the image of 
C will lies in C Kl . Hence t] = can be represented by a cycle whose image lies in 

C Ki . □ 

Lemma CO. 4. There exist a constant k := n(g) > depending only on g such that 
each element of iffc(AM; ¥ p ) can be represented by a cycle in Aa^ 2 . 

Proof. Let A k be the standard /c-simplex, and let 

V = 5>^: A k ^C^ k 

i 

be an integral cycle, where k is the constant given by Lemma |U.0.2| . For convenience of 
notation we pretend that ip consists only on one simplex. As W 1 ' 2 ^ 1 , M) is a comple- 
tion of C°°(S l , M), see we can replace ip by a homotopic and hence homologous 



cycle 

consisting of smooth loops. We identify with the map 

A k x S 1 ^ M, (s,t) ^ = (^i(s))(t). 

Endow the manifold tf x5' with the product Riemannian metric. We lift ip\ to the 
cycle fa : A fc -> A(M x S 1 ) defined by 

^i(M) = 

This cycle consists of smooth loops whose tangent vectors do not vanish. For each s 
let ip(a(s)) be the reparametrization oiip(s) proportional to arc length. The homotopy 
* : [0, 1] x A k -> A(M x S 1 ) defined by 

(*{T,8)){t)=$ 1 {s,(l-T)t + T<T(s)) 

shows that ipi is homologous to the cycle ^(s) := ^(1; s )- Its projection ?/> 2 to AM is 
homologous to ipi and lies in £( K_1 ) fe . Since for each s the loop ^(s) is parametrized 
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proportional to the arc length, we conclude that 

S{Us))<£{Us)) = \[c{Us))) 2 

<I(«_l)2jfe2 + I 

for each s, so that indeed ip2 G A5( Kfc ) 2 . This concludes the proof. □ 
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